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IIpeauciaoBue

Henn ganHOro mocobust — moMovb CTyeHTaM KuTaiicKo-poccuitcKoro
WHCTUTYTA, CIIEIUAIU3UPYIONIUMCS 110 HAIPABIECHUIO «(DU3UKA», OCBO-
UTh HadaJbHBIE IIOHSTHS KOMILJIEKCHOIO aHAJIN3a, KOTOPble HEOOXOIN-
MBI J[JIsI YCIIENITHOTO U3YUIEHUsI TOCJIEYIONNX Pa3esioB 9TOr0 Kypca.

B nepsoii riase BBOAUTCS HMOHATHE KOMILIEKCHOTO ducia. V3y4a-
FOTCSI CBOMCTBA KOMILJIEKCHBIX UHMCEJI U PACCMATPUBAIOTCSI OCHOBHBIE
aaredpanmvIecKye Omepalim.

Bropasi ryiaBa mocssiiieHa reOMeTpUYeCKONl UHTEPIPETAIUN KOM-
IJIEKCHBIX dmcesi. Perlenne 3aa1 Ha KOMILIEKCHON IIOCKOCTH COIIPO-
BOXKJIAETCsI TTOJIPOOHBIMU UJLTIOCTPAITUAME. V3ydaroTcs pasindHbe
dOPMBI 3aINCH KOMILJIEKCHBIX THCET.

[TocenoBaTEMIBLHOCTH KOMILIEKCHBIX HHCE PACCMATPUBAIOTCS B
TpeThel IJiaBe.

B 4eTBépToii r1aBe U3ydarTCs YUCIOBBIE U CTemeHHble psaabl. OT-
JeJIbHbIE ITYHKTbBI ITIOCBATIICHDBI a6COJIIOTHO CXOOAIMMNMCA U CTEIIeHHBIM
PsLIaM.

B msitoit riiaBe BBOAUTCsI MOHSTHE (DYHKIIMU KOMILJIEKCHOTO TIe-
pemennoro. IloapobHo paccMaTpUBaIOTCsT KOMILIEKCHAST SKCIIOHEHTA,
TPUTOHOMETPUYECKHUE (PYHKITUH, JOrapudM U cTerieHHas QyHKIHsA.

B zakiitovueHIn KazK 101 IJIaBbl IPUBOJNUTCSI CIIMCOK KJIFOUEBBIX MaTe-
MaTUYECKUX TEPMHUHOB C IEPEBOJOM Ha KUTAHCKUil sa3bIK. [1o Kazkmoi
TeMe TIOMeITeHbI 3aaHusI 171 CAMOCTOATEILHOTO pelrenns. Bee 3amadn
cHabKEHBI OTBETAMMU, & B PSIJIE CAYYaeB MPUBOJISITCA YKAZAHUS.

B xontie mocobust fjist yIporieHus YyCBOCHUsST MaTEePUaJIa, HAXOIUTCs
KHUTaHACKO-PYCCKUIi cioBaphb. B HEM comepxKarcs oblpue MaTeMaTHhde-
CKUE€ TEPMHHDBI, a TaK?K€ HEKOTOPbIC CJIOBa U BbIPAazKE€HW, UCIIOJIb3Y-
eMble B XOJI¢ 3aHSTUI U 9aCTO BCTPEUYAIOIINECS B MUCbMEHHON PEUH.
IToxbop TepMuHOB IjIst cjaoBapsi ocylnecTBua B. A. Ajekcanipos,
mepeBo/| Ha KuTaficknit s3pik — Ban [am (F58).

Teoperuveckue cBeeHUs TIPEJICTABICHBI B COOTBETCTBUE ¢ paboTa-
mu [5}7,8]. Hacre 3ama4 saumcrBoBana us |3)4].



1. KOMIIJIEKCHBIE YHCJIA

1. KoMIiuiekcHble 4ucJia

Cucrembl qnces yJ100HO PACCMaTPUBATH B TECHO CBSI3U C PEIICHUSIMU
pazHoro poja ypasuenwuit. [Ipocyienum 3Ty CBsA3b, paciiupsis MOCIEI0-
BaTeJbHO N3BECTHBIC YUCJIOBbIE MHOXKECTBA U HCIIOJIb3ys HECJIOKHBIE
yYpaBHEHUSI JIJjId IIPUMEPOB.
Paccmorpum mipocreiinue imHeiHbIe ypaBHEHNsT, OOIUI BUI KOTO-
pBIX
r+a=>b, rme a,b €N,

wanpumep, n + 1 = 2, d + 12 = 33 u t.u0. U manomuum, aro N =
{0,1,2,3,...} — 9T0 MHOMKECTBO HAMYPAAOLHUL “UCEA, T.€. TUCEI,
UCIIOJIb3YEMBIX MpU cuYére n HyMmeparuu. OdeBuHO, 9T0 npu a < b
o100HbIe ypaBHeHUs OyjiyT uMmerh pemenusi, npuuéMm r € N. Ho
M3BECTHO, YTO JJIsi ciydast b > a Takue ypaBHEHUs HE UMEIOT HATY-
PaJbHBIX KOPHEH.

B srom ciyuae periennsi Takux ypaBaenuit (Hanpumep, k 4+ 1 =0,
Z2+4+7=2wumrm) OyiyT UPUHAIJIEKAT y2KE MHOKECTBY UEABIT “UCEN
7Z ={0,£1,£2,43,...}, KoTOpoe BKIIOYAET B ceOs1 OTPHUIATEIbHbIE
qHCIIA.

OpHako, B TEIBIX IHUCIaX HE YIACTHCSI PEIAThH TAKNE YPABHEHUST,
Kak, Harnpumep, 2r = 1, 4r = —5 u npyrue Buja

axr =b, e a,b € Z,a # 0.

Kopuu Takux ypaBHeHUit MOTyT OBITH APOOHBIMU U OyIyT IIPUHAIIC-
JKaTh MHOYKECTBY PAIMOHAJBHBIX dnces. HamoMHuM, YTO MHOXKECTBO
payuoHasorur wuces QQ — 9To Umca BUIA %, tnep € Z,qeN, qg+#0,
T.e. BCE YUCJIA, IPEJCTABUMbIE B BHJie OOBIKHOBEHHON JIpOOH.
Parnuonasibubie KOpHI OYIYyT UMETh TaKXKe U KBaJIpaTHbIE ypaBHE-

HUA BUIAQ
=P e?-0’=0, beQ

Ho Takune JJIEMEHTapHbIe KBa/IpaTHbIE YPaBHEHUA, KaK

22 =2, 22=3, 2%=11u nonobusie um,



1. KOMIIJIEKCHBIE YHCJIA

y2Ke He OYIyT pa3pelnMbl B PAIIMOHAIbHBIX TUC/IaX, T.K. \/5, \@, \/ﬁ &
Q. HaHOMHI/IM, 9TO TaKH€ YUCJia, KOTOPbIE HEJ/Ib3d IIPEJICTaBUTH B BU-
Jie OOBIKHOBEHHOM JIpoOu (HpI/I 9TOM UX MOXKHO IPeJICTaBUTh B BHJIE
6eCKOHEUHOI HEMEPHOMIECKON TPOOU) HAZBIBAIOT UPPAUUOHGALHOLMU.
MuoxkectBo deticmeumenvhux (6ewecmeernnnr) wucea R siBisiercst
O6’b€,£LI/IHeHI/IeM MHO2KeCTBa PalUOHAJIbHBIX N MHOXKECTBa HUPPaIno-
HaJIbHBIX YUCEJI.

N BCé ke CymiecTByIOT TaKue ypaBHEHHUs, KOTOPbIE HEJIb3sI PEInTh,
OrpaHnInBasChb TOJIBKO ,HeﬁCTBHTeJIbeIMH quCJIaMU. Haan/IMep, pe-
n1asl ypaBHEHUE

2 +1=0, (1)
BUAUM, 9TO HE CYIIIECTBYET HU OJAHOI'O ﬂeﬁCTBHTeJH:HOFO qucjia, yJ10BJIe-
TBOPAIOHIETO JaHHOMY YPaBHEHUIO (T.e. HEeT TaKOI'o ,Z[‘eIU/ICTBI/ITe.HbHOI‘O
qmucsia, KBaJIparT KoToporo paseH —1). s pemenusi Takoro poja
ypaBHeHU TpebyeTcst yxke 6ojiee MUPOKasT CHCTEMa THCesI, & UMEHHO
MHOKECTBO KOMILIEKCHBIX dmces. [|ist perennst ypasuenus (|1|) BBesu
B pacCMOTpeHue CUMMBOJI \/jl, AHaJIOTUYIHO, Delllasd YpaBHEHUE

22+ b =0 (2)

MOYXKHO 3anucaTth gpopmaibaoe pernrerue kak by/—1. Ilpu perenun
boJstee 00ITETO ypaBHEHUS

(x—a)?+b*=0 (3)

HOTyHdaeM cieylommee BHIpayKeHue /I ero KopHeit a + by/—1. Beens
B 0003HAYEHNE CUMBOJ i = \/—1, uMeeM BhIpaxkeHue a + ib. Taxmm
00pa3oM, MHOYKECTBOM KOMNAEKCHOIT “uces HA3BAJIM MHOXKECTBO BCEX
YHUCeJI, TIPEJICTABUMBIX B BUJIE ¢ + tb. MHOXKeCTBO KOMILJIEKCHBIX THCENT
obozrauaercss cuMmpoJsioM C. 3amMeTnmM, 9T0 KOMIIJIEKCHBIX YHCETT OKa-
3BIBACTCS JIOCTATOYHO JIJIst PEIIeHUsI JIF000r0 KBaIPATHOTO YPABHEHUS
¢ IefCTBUTE/IbHBIMU KOI(PDUITMEHTAMU.
Nrak, umeem ciieyIoriye BKIIOUEHMST

NczcQcRcC.

OTMmeTnM TakXKe TOT GaKT, ITO BCe JeHCTBUTEIbHBIE YUCTa, SBISIOTCS
KOMILJIeKCHbIMU, T.e. £ € R = x € C.

5



1. KOMIIJIEKCHBIE YHCJIA

1.1. Apudmernka KOMILIEKCHBIX YHUCEJI

KomnaexcHoe 4ucao — 9TO YUCIO BUJA 2 = X + 1y, T/e
T U Yy — BEIIeCTBEHHBIE YUC/Ia, 1 — MHUMAasl €IUHUIIA, OIIpe-
JeJisieMast CJIe Y IOIUM 00pas3oM:

i=v—-1 wm i?=-1 (4)

3amnmch KOMILIEKCHOIO YHCJa BUIA 2 = & + iy Ha3bIBAETCS Q.-
2ebpauveckoti GopMoit KOMILIEKCHOTO UHUCIa. JHUCTIO0 T HA3BIBAETCSI
deticmeumenbHoli 4acmsbro KOMILIEKCHOTO YUCIa z U 0003HATaeT-
ca Re z, uncyio y Ha3bIBaETCA MHUMOU 4ACMBIO 2 U 0OD03HATAETCH
Im z. Taxk, jsa ancina z = 3 — 44 JefictBuTenbHad 9acTh Rez = 3, a
MHIMAasT 9acTh Imz = —4. Eciim 2 = 5, 7o Rez =5ulmz =0. U
BOODIIE, ISt JIF0O0TO AeficrBuTebHOTO uncia £ Rex = x u Imax = 0.
Hakoner, MOXKHO cKazaTb, 9TO JIF060€ KOMILJIEKCHOE YHCJIO UMEET BH]L

z=Rez+17-Imz.

Hucsio & — iy HA3BIBAETCsI COLPSIKEHHBIM K - + 1y (CM. L. .
Bcrony mamee mpeamosaraeTcst, 9To 2 — 3TO KOMILJIEKCHOE YHCTIO, a
X Uy — BelecTBeHHble (1 110 yMoavanuio Rez = x, Im z = y).
OTMmeTnM, 9TO HYJIEM Ha MHOXKECTBE KOMILJIEKCHBIX YHCEJT sIBJISIETCST
qncio z = 0440 = 0.
JIBa KOMILJIEKCHBIX YUCJIA 21 U 2o PaHul ( 21 = z3 ) TOTA
1 TOJBKO TOT/A, KOTJ[A COBIAIAIOT BENIECTBEHHBIE M MHUMBIE
YacTH, T. €.

Z1 = 29 = Rez; =Rezy uw Imz =Imzy

W3 onpeneennst paBeHCTBA BBITEKAET, UTO JBA UNUCIA 2] = L1 + Y] U
Z9 = X9 + 1Yo PA3JIMUHBI, T. €. 2] F# Z9, €CJIA BBIIOJHEHO XOTsI OBl OJHO
U3 HEPABEHCTB: T # Lo WIHA Y1 7 Y.

3aMeTuM, YTO HOHATHUS «OOJIbIIE» M «MEHBIIEe» JJIsi KOMILIEKCHBIX
qHcesI He ONpeesieHbl, T. €. BbipaxKenns 3+ 41 > 3+ i u ¢ > 0 u um
IO00HBIE HE UMEIOT CMBICIIA.



1. KOMIIJIEKCHBIE YHCJIA

1.2. Apudmernydeckue omneparnuu

Cymma KOMILIEKCHBIX YHCEJ 2] = X1 + Y1 U 29 = Xg + 1Yo
OIIPEIEISIETCS CJIEIYIOMIM 00Pa30M:

21+ 22 = (z1 4+ x2) +i(y1 + y2),

1. e. Re(z1 + 22) = Rez; + Rezy u Im(21 + 22) = Imz; + Im 2.
Hamnpumep,
(3+4i) + (5+ 6i) =8+ 10:.

AHajiornyHo onpenesieHa padHoOCMb:
21 — 22 = (21 — 22) +i(y1 — y2).

ITpomueonoaosHcHbLM K KOMIUIEKCHOMY YHUCILy 2 HA3BIBAETCS Ta-
KO€ YUCJIO —Z, UTO
24+ (—2z)=2z—2=0.

ITpoussederue KOMILIEKCHBIX YHCEN 21 U 2zo 3a1a6TCA pa-

BEHCTBOM

21 - 22 = (X122 — Y1y2) + (T1Y2 + Y122)0. (5)

[IpousBenenre MByX KOMILIEKCHBIX YUHCEJ HAXOIUTCHA IPU ITOMOIIN
BBIIOJIHEHUST OOBITHBIX AJIredpPandecKnux OMEPAIi U UCIOJIH30BAHNSA
paBeHcTBa 2 = —1:

21 - 29 = (1 +iy1) - (T2 + iy2) = x122 + T1Y21 + Yrize + Yriy2l =

122 + T1Y21 + Y1721 — Y1y2 = (L1202 — Y1y2) + (T1Y2 + y122)i.
Dopwmyia , BOODOIIIE TOBOPsI, He TpedyeT 3anomunanus. [Ipu ymuOXKe-
HUN XK€ KOMIIJIEKCHBIX YHCEJI yﬂo6Hee HpOI/I3BO,B;I/ITB HeHOCpe,HCTBeHHO

BBIIIEONCaAHHbBIE TeHCTBUSI.
Hampuwmep,

(3+4i)- (5+6i) =3-5+4i-5+3-6i+4i- 6i=
15 + 207 + 18 — 24 = 15 — 24 + (20 + 18)i = —9 + 38i.

7



1. KOMIIJIEKCHBIE YHCJIA

C)TMGTI/IM7 Y9TO €CJIM B PaBEHCTBE , OIIpeIesIAromeM YMHOXKEHNE
KOMIIJIEKCHBIX Y9HCEJI, IIOJIO2KUTDL Y1 = O, TO IIOJIyYIUM ITPpaBUJIO YMHO-
KeHugd ILGI?ICTBI/ITG.HBHOFO YHCJla Ha KOMIIJIEKCHOE!:

r1(x2 + iY2) = 2172 + i21Y2.

Herpyano npoBeputh, 9T0O 3aKOHBI, KOTOPBIM MTOIIUHSIIOTCS OIIPeIe-
JIEHHBIE BBIIIE ONIEpAITUN HaJ| KOMIIJIEKCHBIMHU YUCJIAMHU, T€ YKe CaMble,
9TO U 3aKOHBI JEUCTBUI HaJI BEIIECTBEHHBIMHU UMCJIAMMU:

21+ 20 =29+ 21 (KOMMYTATHBHOCTD CJIOYKEHUS ),
(21 4 22) + 23 = 21 + (22 + 23) (AaccOoNMATUBHOCTH CJIOKEHUS),
TO K€ CaMOe OTHOCUTCH K YMHOKEHHIO:
2129 = 29 2] (KOMMYTATUBHOCTD yMHOYKEHHUSI ),

(21 -22) - 23 =21 (22 23) (accoUaTHBHOCTL yMHOYKEHMS),

HAKOHEII, CIIPABEJIJIUBO CBOMCTBO, yCTAHABJIUBAIOIIEE CBA3b MEXKIY
3TUMH ABYMS JTeHCTBUSIMMU:

z1-(22+23) =21 20+ 21 23 (eTpuby TUBHOCTD ).

Ilpumep 1. Jano xomnaexcroe wucao zg = a + ib. Hatimu dpyeoe
KOMNAEKCHOE YUCA0, MaKoe, ¥mobb. npouseedenue 2o Ha dannoe “4uc-
20 6v10 deticmBumenbrvim Yucaom. CKOABKO MAKUT YUCEs MONCHO
nodobpamv?

Pewenue. Honyctum, z = x + iy — UHUCJIO, YIAOBJIETBOPIIONIEE yKa-
3aHHOMY YCJIOBUIO, T. €. 2 - Z SBJISETCs JIEHCTBUTEJBHBIM YHCJIOM.
Nmeem

20z = (a+1b) - (v +1iy) = (ax — by) + (ay + bx)i.

Ilo IIPEAITIOJIOZKEHUIO 2 - 2 — ,ZLeﬁCTBHTeJIbHOG YHUCJIO. DTO O3HaYaeT,
9TO MHUMasd 9aCTb 9YHUCJIa Z( + £ PaBHAETCA HYJIO, T. €.

Im(zp - 2z) = ay + bxr = 0.
8



1. KOMIIJIEKCHBIE YHCJIA

Taxum ob6pa3oM, Ipu YMHOXKEHUU JAHHOTO YNCIA 29 = a+tb HA npyroe
KOMILJIEKCHO€ IUCJIO 2 = T+1Y, JJIs KOTOPOT'O BBITIOJIHEHO CBONCTBO ay-+
bx = 0, B pe3yJsibTaTe moydaeTcs AeicTBUTE/IbHOE Yucao. Takoe 9uc/io
Z MOXKHO 3aIliicaTh B Bujae z = t — gti, rine t € R — mpousBOJIbHBIN
BeIeCTBEHHbIH napamMerp. VTak, duces, yI0BICTBOPSIONINX 33 TAHHOMY
YCJIOBUIO, DECKOHEYHO MHOTO. A

YJacmHvim OT JdeJIeHd KOMIIJIEKCHOTI'O YHCJla 21 Ha KOM-

IIJIEKCHOE YUCJIO 29 7£ 0 Ha3BIBAETCSI TAKOE KOMILIEKCHOE UKCJIO
21 .

W = —, KOTOpPOE IIp1 YMHOXKEHUU Ha Z9 Ja€T Z7.
22

Mozxkno IIOKa3aThb, 9YTO YaCTHOE JIBYX KOMIIJIEKCHBIX 9YUCEJI BBIIUC-
JIAETCHA 110 IIPpAaBUIIY

z1  T1T2 +Y1Y2 | Y12 — T1Y2 .
a2z i (6)
29 r5 + Y5 x5+ Y5

LeficTBUTETBLHO,

2 (@ tiy) (@1 +iyn) - (x2 —dye)
20 (wa+iya) (w2 +iye) - (w2 —ige)
(172 + Y1) + (1172 — T1Y2)i  T1T2 +Y1Y2 | Y1T2 — T1Y2
(@3 +3) BRI
3/1ech MbI BOCIIOJIB30BAJIUCH T€M CBOHCTBOM, uro (2 + iy) - (x — iy) =
2?2 4 y?, a 3aTeM BBLICIMIHN JEHCTBATEILHYIO U MHUMYIO YaCTH.
Hasee BBIBOINM,

z1 T1T2 + Y192 Z1 Y1T2 — X1Y2
Re—=—F—F—unuIm— ="——F—5—

29 1:% + y% 29 1:% + y%

) _
)

Her #HeobxoaumocTn TakzKe 3alIOMUHATL U (POPMYJILY @ Yrobbr
Pa3IeUTh OTHO KOMILJIEKCHOE UMCJIO Ha, JIPYroe, JOCTATOTHO THC/IU-
TeJIb U 3HAMEHATE b ITOJIyYeHHON ApoOH YMHOXKHUTH Ha COIPAKEHHOE
9HCJI0 K 3HAMEHATE/IIO, ITO HO3BOJIUT BLIICIUTD JeHCTBUTEILHYIO U
MHEMYIO dactu. Hampumep,

3+4i  (3+4i)-(5—6i) 39+2 39 2

5+6i (5+6i)-(5— 69) 95436 61 61"



1. KOMIIJIEKCHBIE YHCJIA

st 11060T0 KOMILIEKCHOTO Wucaa z 7# 0 cyIecTByeT

obpammnoe “wucao 271 TakKoe, 4To 2 - 27l =1.

Ormernm, aTo ecm z = x + iy # 0, TO

Hampuwmep,
1 1—1 2 2
Q+i)t=—" = V2o V2
1+i V2 2 2

Takke crour VIIOMAHYTH OY€BHIHOE CBOICTBO

Z1 1
T Zl P— P Zl . 22
22 22

1.2.1. BosBenaeHue B cTeneHb

HpOI/ISBe,ZLeHI/Ie 7 PaBHBIX KOMIIJIEKCHBIX 9YHCEJI 2 HAa3bIBACTCA
n-ii cmenensro dncaa z u 0603HAYAETCS CUMBOJIOM 2

Hampuwmep,
(3+40)3 = (34 4d) - (3+44) - (34 4i) = —117 + 444.

BosBeenne komriekcHoro dncia z # 0 B OTPUNIATETBHYIO CTEIEHD
ompesiesisieTcsT Kak

Hampumep,

Gagpto L 1 _ 117 . 44
VOT B4 T Tt a4 U442 1172 44

[Toie3H0 MOMHUTE CAEIYIONINE CBOMCTBA BO3BEJIEHUS B CTEIEHD:

Zn.m — (Zn)m’ Zn—i—m — Zn . Zm‘

10



1. KOMIIJIEKCHBIE YHCJIA

1.2.2. U3BiedyeHue KOpHA

KopHrem n-it cTerneHn n3 KOMILJIEKCHOTO UNCJIa 2 HA3hIBAETCS
KOMILJIEKCHOE YHCJIO W, TAKOEe, ITO

w" = z.
Crangapraoe oboznadenue: w = {/z wim w = 2.
[TycTs m3BecTHO YHMCIIO 2 U Tpebyerca Hafitn aucno {/z = w. [pen-
CTaBUM W B BUje w = x + iy, Torga z = (x + iy)". CiemoBaresbHo, w
MOZKHO OIIPEJICJIUTh U3 CUCTEMbl yPaBHECHUN

Re z = Re(x + iy)";

Imz = Im(z + iy)". @)

PaccMorpuM gacTHBI cirydait, n = 2, T. . U3B/IeYeHe KBaJIPATHOTO
kopus. [Tycrb Tpebyercs Haiitu /2 = x + iy. [lo onpejgesenuto KopHst
KBaJIpaTHOTO KOpHsI mveeM z = (z + iy)2. Obosmaunm z = a + ib (T. e.
Rez =a uImz =b). Torga cucrema SKBUBaJICHTHA, CHUCTEME

a = Re(z +iy)%;

b= Im(x + iy)>. (8)

Hanee (z +iy)? = 2% + 2izy — y? = 2% — y? + 2ixy, mosTOMY CHCTEMA
(8) mpuHEMaeT BuT

a=a%—y*

b = 2xy. ©)

OTmerumMm, 9TO B cucTeMe @D rnmapamMeTps a,b € R u meusBecTHble
xz,y € R. PaccmoTpuM Tpu OTHEIbHBIX CIIyYasd.
1. Ecmma=0=0, 0 x =y =0. Ipyrumu caoBamu, V0 =0.
2.Ecmb=0wua#0, rorma z =a (1. e. z € R). Ecom a > 0, 10
PEILIEHUAMU SIBJIATOTCSI

Ecan a < 0, To perreHusIME ABJISTIOTCS

r=0y=—v—-aunz=0y=+v—a.
11



1. KOMIIJIEKCHBIE YHCJIA

3. Eciu b # 0, To u3 BTOPOTO YpaBHEHUSI CUCTEMBI @D HMEEeM T = 2.

2y
TOI‘,H,& IepBo€ ypaBHEHHUE CUCTEMbI @ MO2KHO IIEpPEIINCaTb KaK
v,
a=——1Y",
492 Y
nJjm
4yt + day® — v* = 0. (10)

Pemras 6uksaaparaoe ypasaenue ((10]), Haxogaum

5 —a+Va®+b? \/—a+\/a2+b2
=————— wm Y=+ ———.

- 2 2

B sTtom ClIy4dae pemeHudAMUu CUCTEeMbI @ ABJIAIOTCA

b2 \/_H\/m

r==x , y==£
2V —a + Va? + b2 2

B urore

Vz=0, ecmz=0;
Vz=4+va, ecmz=amna>0;
Vz==iva, ecmz=ana<0;

b2 j:Z,\/—a—i-\/aZ—i-b?
2

—a+Va?+b?

ecmt z=a-+ibub#0.

I

Vz=+
2

Crenyer obpaTuTh BHUMAHME, 9TO ecyn z 7 0, TO CYyIECTBYIOT JiBa
Pa3IMYHBIX 3HAYEHHsI KBaJIPATHOIO KOPHs /2. B obmiem ciyuae, ecim
z # 0, TO CYLIECTBYIOT N Pa3/IMYHbIX 3HAYEHUI KOPHS N-f CTeleHn

.
IIpumep 2. Buvucasums /1 + 1.

Pewenue. Iycts /1 +1i =z + iy, Torna (z + iy)? = 1 + 4. IIpupas-
HUBasi MHUMBIE U JICHCTBUTEILHBIE YACTH, HMEEM

1=a% -y
1 = 2zy.

12



1. KOMIIJIEKCHBIE YHCJIA

W3 Broporo ypaBHeHus r = i, 7 IIepBO€ ypPaBHEHUE MOXKHO IepeIn-

caTb Kak
dyt+ 4 —1=0.

Haxomum y = £4/ \/5271 uxr = +———. B urore 3HaUCHUSIMI
V2(v/2-1)

KBa/IpATHOTO KOPHs /1 + ¢ OyayT

/ V2-1 B 1 _Z, V2 -1
J2(v/2 = 1) V2(v/2 = 1) 2

(cm. Takxke mpumep 21 ) - Ha C. A

Omupeiesienue creneHHol (PyHKIUKE BBOJAUTCA B I1.

1.3. PopMyJibl COKPAIEHHOTO YMHOXKEHUS

IIycrs a,b € C — npa KoMILTEKCHBIX dncia. Kak u B ciaydae neii-
CTBUTEIbHBIX YHCEJI, CIPABEIJIMBLI CACIYIONe (POPMYJIbI:

a? = =(a—b)-(a+b),
(a£b)* = a® £ 2ab + b?,
(a £ b)® = a3 £ 3a2b + 3ab® + b°. (11)

B oben ciytae JyTs 0BOTO HATYPATBLHOTO 7 mMeeM |

n

(@a+b)"=> Cra" ", (12)
k=0
rie |
ko n:
Cn = El(n — k)’

CrpaBe lTiBOCTh NPUBEIEHHBIX (POPMYJT MOXKHO JIOKA3aTh, [IOJIb3YsICh
IIpaBUIAMU JIEUCTBUI HAJl KOMILJIEKCHBIMU YHCJIAMU.

"acro bopmyny (12) zasesaror 6uromom HporoHa.

13



1. KOMIIJIEKCHBIE YHCJIA

1.4. Moaynab KOMIOJEKCHOTO YHUCJIa

MoOdyas qucia z = x + iy OIPEIeIIeTCI Kak
2l = Va2 + ¢ (13)

1 MIM€eT TOT Ke TeOMEeTPUYIECKHUiT CMBIC/I, YTO U MOJLYJIb BEIIECTBEHHOIO
qHUCIa — PACCTOsTHUE 10 HyJsl. B gacTHOCTH, JJIsT AeHfCTBUTEIHHOTO
amcna x umeeM |z| = V2.

JIy1st MOZLyJ1sl KOMIUIEKCHOTO YHCJ/Ia BBIIOJIHSAIOTCS CJIe/IyIOIue CBOfi-
CTBa:

2| =0 < 2z=0;

|21 20| = |21] - |22], |27 = [2]";
z z
- :H, upu 23 7 0;
2| || (14)
|Rez| <[zl m[Imz| <[z2f, (o[ <z m |yl < [2]);
lz] < [Rez| +[Imz],  ([2] <[] + |y]);
|21 + 22| < |21] + |22] (HEpaBEHCTBO TPEYTOJIbHUKA);
21| = |z2l| < [21 — 2]
IIpumep 3. Hatimu mMo0yalu KOMNAEKCHBT HUCEN:
21 =2—V3i, z9=3+4i.
Pewenue. Ilo dhopmyie HaXOJIIM
21| = /22 4+ (V3)2 = VA +3 =T
n
|z2] = V32 4+ 42 =5.
A

14



1. KOMIIJIEKCHBIE YHCJIA

1.5. Conpsi>keHue

Kommitekcable yncna z = x + 14y u Z = © — 1y, T. €. 9UCJIA,
KOTOpPbI€ OTJINYalOTCA TOJIBKO 3HaAKOM MHUIMOIT JaCTUu, Ha3bI-
BalOTCH CONPAHCEHHBLMU.

[Tpu sTOM CIpaBeINBLI CJIEAYIOIINE CBOMCTBA!

(21 4 22) = 21 + Z2;

2122 = Z1 - 22;

z-zZ2=(Rez)? + (Imz)?,
=2, |zl =V 3
Z_

z+zZ=2Rez mu

(22 =2 +9%);

I\
WY

z=2iImz;
Tak2ke OTMETUM, UTO CONPSKEHHBIE YUCTIA UMEIOT OJMHAKOBBII MOITYTh
2| = |zl

OcranoBrMcs MOAPOOHEH Ha IPOU3BEICHUN COIPEKEHHBIX YUCEIL.
Nmeem
z-z2=(z+iy) - (x—iy) = 2® +y* (15)
U3 onpenenenust mosyns ancia z (13)), Beipakenne ((15]) moxuO
LEPEINCaTh B BUJE
z-z2=|z2% (16)
U3z dpopmysibt OYEBUJIHO, UTO IIPOU3BEACHUE COIPIKEHHLIX UUCEIT
BCEra ABJIAETCH JCACTBATEILHBIM HEOTPAIATEIBHBIM YACIOM. B ca-
MOM JieJie, U3 onpeie/enns Moy -2 = |z|? = 22 +y? > 0. Ormerum
TaKXKe N3 OJIE3HOE PABEHCTBO

|z2| = Vz-Z.
Emé o1HO CBOHCTBO Olepanuu CONpszKEHNs: COCTOUT B TOM, UTO

z=2 << Imz=0,

15



1. KOMIIJIEKCHBIE YHCJIA

T. €. COIPSI?KEHHOE Z 9HCJIO PABHO MCXOIHOMY Z TOTJA U TOJIBKO TOTJIA,
KOIJIa 9TO YHCIO siBjsieTcs AedictBureabibiM (2 € R). Takke, us
paBeHCTB

z+zZ=2Rez mu z—ZzZ=2iImz,

IIOJIE3HO OTMETUTDH, YTO

Z+z zZ—Z
un Imz=

Rez =

2

Taxwum 0bpazomM, CyMMa, IBYyX COMPSI?KEHHBIX UHUCEJT €CTh BCEra IUCTIO
JefCTBUTEIBHOE, & PA3HOCTh COIPSAKEHHBIX YUCEJI, B CBOIO OYepe/Ib,
BCEera ABJISETCA YUCTO MHUMBIM YHCJIOM El

IIpumep 4. Iloxaszamo, wmo das a0bwx z1,zo € C swnoanero pa-
8EHCMBO

|21 + 22/ + |21 — 22f” = 2(|21)* + |22). (17)
Pewenue. Vcnonmb3yst BoIpaXKeHue , nMeeM

‘21 + 22‘2 = (Z1 + 2’2) . (2’1 + 2’2) = 2121 + 2921 + 2122 + 2229,
|21 — zg\Q = (21 — 22) - (21 — 22) = 2121 — 2221 — 2122 + 22Z2.
OTkyma mosygaem
|21 + 221” + |21 — 22]” = 2|21 + |22 ).

Sameuarue. Boipaxkenne (17) HasbiBaeTcss pageHcmeom napanne-
A02PAMMG.. A

OrMmeTuMm TaK2Ke, 9TO JejieHne KOMIIJIEKCHBIX 1HCeJI yILO6HO BBIIIOJI-
HATH CJIEIYIOINM 06pa30M:

Zl  Z1'Zy 21 Z2

;2_Z2-52_ 20|

2YncTo MEEMOE UHCIIO — 9TO KOMILIEKCHOE HUHCII0 BHAa 2 = 0 + iy.

16



1. KOMIIJIEKCHBIE YHCJIA

IIpumep 5. Hszsecmio, wmo z He A6AAEMCA JeUCMBUMENLHHLM “UUC-

aom (m. e. Imz #0) u |z| = 1. ITokazamov, wmo w = ABAACTNCA

z
wucmo MHuMoviM wucaom (m. e. Rew = 0).

Pewenue. Ilycts z = x + iy, TOor1a

L ztiy—1  (z+iy—1)-(z—iy+1) 2*+y*—1+2iy
S xtiy+l (z+iy+ ) - (r—dy+1) (2 +1)2+y2

Hockomeky |2]? = 22 +y? = 1, T0
24y
(x+1)2+y%

Taxkum obpazoM, duCJI0 w UMeeT BUJ o, Tiae o € R u o # 0, ciemoBa-
TEJIbHO, W — YUCTO MHUMOE JIUCJIO. JAN

—1

1+0\°
IIpumep 6. Buwuciumo (1 ) .

Pewenue. Nnmeem

() - () - (=) oo -

IIpumep 7. Pewumsv ypasrenue ¢ MOOYAAMU OAA KOMNACKCHOIT “U-
cea: |z 4 2i| = |z —2|.

Pewenue. Bo3seném obe yacTu paBeHCTBA B KBaJIparT:
|z +2i2 = |z — 2.

B cuy cpoiicta conpskenns ( |z|2 = z-Z (16))) sto pasencTso nmpuMer
BU/L

(z4+2i)(z+2i) = (2 — 2)(z — 2).

17



1. KOMIIJIEKCHBIE YHCJIA

Hautee
(z+20)(z—-2i) =(z2—2)(z - 2),
2Z— 20z + 21z +4 =22 — 22— 2244,
—iz+1Z = —2 — Z,
i(z—2Z)=z+7Z.
Temnepn, 3anucas B Buje 2 = & + 1y, HOJIYIUM

i(z+iy — (z —1iy)) =z +iy +z — 1y,

i(2iy) = 2.
Takum 06pa3oM, OTBET iy = —T, T. €. PEIICHUAMY YPABHEHUSI SIBJISIOTCS
BCe KOMILJIEKCHBIE YUCJIa Z, JJIs KOTOPhIX Im 2 = — Re 2.

Toxk1ecTBo A1 ABYX KBa,z:(paTOBE|

W3 paBenctBa z - z = ]z|2 BBITEKAET OJIHO 3aMedvaTe/IbHOE CJIEICTBHE.
[Iycthb 21 u 29 — JABa KOMILIEKCHBIX unciia. Mmeem

|212’2|2 = (z2122)(2122) = 21Z1 - 22%2 = |21|2|Z2|2,

CﬂeﬂOBaTe‘HbHO,
|2120* = |21 ]2 (18)

IIycts 21 = a + ib u 29 = ¢ + id, Torma
2122 = (ac — bd) + (ad + ¢b)i,
u pasenctso (18), mpunnmaer Bux
(a® +b*)(c* 4 d?) = (ac — bd)? + (ad + cb)?. (19)

Taxum 06pa3oM MBI MOy IUIH MOHCOeCTN80o das d8yx keadpa-
moelﬂ KOTOPOE MOXKHO IIPOYUTATL KaK: NPou3sedenue cymmos K6aopa-
MO8 Ha CYMMY K6aIpamo8 ecmsv cymma 08y xeadpamos. Hampumep,

(1242332 +5%) = 72 + 112

3em [10).
4370 paBeHCTBO TaKIKe M3BECTHO IO/ HA3BAHUEM TOYKJIECTBO BpaxMarymTor.

18



1. KOMIIJIEKCHBIE YHCJIA

Sajgaun K ryase 1

1. BemosHuTs neficTBus:

D A-ik 6 1+% B

[

2. HaiiTu gyacTHoe oT JejieHusT Ynuces z1 — ¢ Ha 29 = 1 + 4. [y

z1(22 + 23)

3. HaiiTu 3HavueHne BhIpasKEeHUA , e 21 = 4451, 29 = 141,

z3="7—9¢. |

4. Burancaurs:

L3

5. Boraucaurn:

a) (1+4)7% ©6) (1-1% B) 1+ 1) (1-19)°

11y
(—1+59)%(3 —4i) 10+ 7i
6. B = .
BIYUCIUTD 2 T3 + 5 »
7. Illyctb 29 = —3 + 5 u 29 = 4 — 61, Hafitu
Zl 2
a) 21+ 22; ©6) 21 —z9; B) z1-29; TI) Z—Z; n) 27
11y

)
8. Boruncaurs z = R 2
(\/§+z‘>

19



1. KOMIIJIEKCHBIE YHCJIA

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

. . 1
. Beraucsmrs 17 — 26 4 =5 I 2
i

Boraucours (1 — z')3 - (14 i)3. TS

Beraueuts (1 + )% + (1 — )% [

Berauciaurs /2 — 2v/3i.

Haiitu Bce uncna z € C, takue, aro z - (5 — 3i) € R. |,
[lycrs 2z = x + iy. Haiit Re 22 u Im 22, |

[Mycrs 2z € C rakoe, uro Im z # 0 u |z| = 1. [Tokazare, uTo st

z+1
w = + 1 BBITIOJTHEHO ycjoBue Rew = 0. [

1 \17
Brorauciurs Eli_z;m

Kakoe 4mcjio Hy2KHO BO3BECTH B KBaJIpaT, YTOOBI MMOJYyIUTD 27 7

L3

Borauneants i + 12 4 i3 + 44 35, [

[ycrs z € C. Borumeurs 22 — (Z)2. [
HaiiTu Bce Takue KOMILIEKCHBIE YHC/IA Z, 9TO 2 = —2.

Haiitu momysb dncia z = (10 + 5i)(1 + 10¢)(4 + 2¢)(5 + 21)

Iy
Bepno s mepasenctso [i — 1| > |1]7 [

ITycrs a € C, maiiTn MakcuMaJbHOe 3HAaYCHUE |2 + a| jist Takux
z, 9o |z| < 1. [ums

Haiitu Im 2z, ecim usBectro, 410 |2| = [2 — 37|, [nm

20



1. KOMIIJIEKCHBIE YHCJIA

25.

26.

27.

28.

M3BGCTHO, YTO KOMIIJIEKCHOE YIUCJIO Z sABJISACTCA KOPHEM ypaBHeHHH
z2 + x + 1 = 0. Haiitu 2* + zi‘l o 3

Haiitu perenune ypaBHeHUst

24z
=22

L3

Haiitu kopuu ypasuenns 422 + 8|z —3 = 0. [

Haiitun nHanMenbiiiee HATYypaJIbHOE YUCJIO N, IJIsT KOTOPOTO (—\/5 +
z\/é)" SIBJISIETCS TIEIBIM TUCJIOM. (I
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1. KOMIIJIEKCHBIE YHCJIA

TepMmunb!l K TJ1aBe 1

abcoJrtoTHAs BEJIMYNHA 12| = \/W B E
KOMILJIGKCHOTO IHCJIA - y
BelécTBeHHAS 9aCThb Res — 7 B RS2G4
KOMILJIEKCHOI'O 1UCJI4 N
KOMILJIEKCHOE YUCIO z=x+1y Lt

=P
KOMILJIEKCHOE CONPAKEHNE Z=x—1y AW
KOpeHb  KBAJPATHBIH U3 BT TR

KOMILJIEKCHOI'O YHCJI&

KOpeHb n-oit cTéneHu u3

KOMILJIEKCHOI'O YHUCJI4

5 ik B R
(nifAR)

= A
MHAMAaS eIMHATA i [FE G
MHHAMAad 9aCTh KOMILJIEKCHOI'O Im > — I EEE 5
YUCJIa, =Y
S T
MOIyIb KOMILIEKCHOTO UHCJIE |2| BEHIREL
— 7 FE—F
HEPABEHCTBO TPEYyrOJIbHUKA |21 + 29| < |21] + |22] =LA
COIPSI?KEHHOE ~ KOMIIJIEKCHOE - SEE 2
qucad
A =
CTEIEHb KOMIIJIEKCHOI'O YMCJI4 2" =% iTibEs:
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2. I'EOMETPUSA

2. T'eomeTpust KOMIIJIEKCHBIX YHCEJI

B nepBoit riiaBe KOMILIEKCHBIE THC/IA U3YIAIICH C alrebpaniecKoil
TOYKY 3peHusi. Mbl pacCMOTpeIn OCHOBHBIE ajirebpanveckue olepalyn
U CBOMCTBA KOMILJICKCHBIX YHCEJI.

Ho xom1tekcHbIE UnC/Ia UMEIOT U T€OMETPUIECKY0 HHTEPIIPETAIINIO
KaK TOYKH Ha IJIOCKOCTH WM JBYMEPHBIE BEKTODBI. [leiicTBUTEIBHO,
KazkKJ10€ KOMIIJIEKCHOE YUCJIO Z OLPEIENISeTCs Mapoil BeIeCTBEHHBIX
qncen (z,y): 2 = x + iy.

2.1. KomimuiekcHast IJIOCKOCTDb

PaccMOTpUM ILIOCKOCTL M HPSIMOYTOJIBHYIO CHCTEMY KOOPIMHAT
Ha neit. Ockb abenuce (ocb Ox) obosnaunm Re z, a ock opauHaT (0Ch
Oy) obosnaumm Im z (em. puc [I). KazkaoMmy KoMIUIEKCHOMY HmciLy
2 = & + iy CONOCTABUM TOYKY Ha 3TON IJIOCKOCTU C KOOPIUHATAME
(z,y), u, IPYITUMHI CJIOBAMH, PaJNYC-BEKTOD ¢ KOOpAUHATAMHE (I, Y).

Im z

Rez

Puc. 1. KommiekcHas mjiIocKoCcTb z

3aMeTHM, 9TO KaxKJI0My KOMILIEKCHOMY YHC/Iy COOTBETCTBYET TOJIb-
KO OJIHA TOYKA IIJIOCKOCTH, U, HA000POT, KAXKJIOW TOYKE Ha, IIJIOCKOCTHU

23



2. I'EOMETPUSA

COOTBETCTBYET TOJIBKO OJTHO KOMILJIEKCHOE IHCJIO.

mna BekTOpa ¢ Koopaunatamu (z,y) pasHa /2 + y2. Takum 06-
Pa3oM, MOJLYJIb KOMILUIEKCHOTO YUCIa Z = T + iy PaBeH JIJINHE BEKTODA,
KOTODBIl COOTBETCTBYET JIAHHOMY YUC/TY Ha KOMILIEKCHOM MIOCKOCTH
(em. pasencrso ([13))). Yacro moysb obosHauator |z| = p. Hecitozkuo
NPOBEPUTD, YTO PACCTOSTHUE MEXKJY JBYMS TOUYKAMHU KOMILIEKCHOIT
IJIOCKOCTH 2] U Z3 PABHO |21 — 22|. Takum 06pasom, MOIY/Ib pa3HO-
CTH JIBYyX KOMILJIEKCHBIX YHCEJ €CTh PDACCTOSTHUE MEZKJLy TOUKAMU Ha
KOMILJIEKCHO IJIOCKOCTH, KOTOPBIE COOTBETCTBYIOT 3TUM IHCJIAM.

A p2yMEHMOM KOMILIEKCHOTO YHUCJIa 2 = T+ 1Y HA3bIBAETCS
YTOJI (0 MEeXKJy BEKTOPOM (,Y) M HOJIOKUTETHHBIM HAIIPAB-
JleHreM JAeiicTBuTeabHoi ocu Re z nsMepsieMblil IPOTHE X012
4acoBoii crpesiku (puc. [2).

Apryment uncia z obo3nadaercs Arg z.

Im z

<1

1
/ Rez

z2

Puc. 2. AprymeHT KOMIUIEKCHOTO dncyia: Argz; = @1, Argzo = g

Crporo roBopsi, apryMeHT KOMILIEKCHOTO YUCJIa OIPEIesIeH HE OJl-
HO3HAYHO, B O0IIIEM BUJIE apryMEHT MOXKHO 3alllcaTh KakK

Argz =argz + 27k, tne k € Z,
24



2. I'EOMETPUSA

e 0 < argz < 2m — 2na8Hoe 3HaveHue apryMeHTa. B cBoro odve-
pe/ib, TIIABHOE 3HAYEHNE apryMeHTa KOMILIEKCHOIO TIHCJIa OLPEIEICHO
OJIHO3HAYHO (M IpUHMMAaeET 3HaueHus: B pomexkyTke [0,27)).

E/mHCTBEHHOE KOMIIJIEKCHOE YHUCIIO, JJIsi KOTOPOrO 3HAYECHHE apry-
MeHTa He ompeesisiior, 510 z = 0. Brpodem, 310 Tak:ke eJMHCTBEHHOE
YHCJI0, Y KOTOPOI'O MOJLY/Ib PABEH HYJIIO, IO3TOMY HEOLPEIeJEHHOCTD
apryMeHTa B JaHHOM CJIydae He siBjsieTcst IpobsieMoil. Takzke MOKHO
OTMETHUTBH: Jyist jAeficrBurenbubix uces (Imz = 0) argz = 0, ecoin
IHCJIO MOJIOKUTEJIBHOE, U arg Z = T, €CJIM YNCJIO0 OTPUIATEbHOE.

[eoMeTpUYECKH CJIOZKEHHE YHCET 2] U 22 IPOU3BOIUTCS 10 IPABHILY
CJIO’KEHUs BEKTOPOB (110 IpaBmity mapaJiiesorpamMa). Pasuocts 21 — 29
[PEJICTABJISIETCST BEKTOPOM, KOHEI[ KOTOPOIO HAXOJUTCS B TOYKE 21, &
Ha4YaJI0 — B TOUKe 2y (cM. puc. |3)).

Im 2 Im 2
z1 + 29

Fl1— 22
22

21
Rez Rez

Puc. 3. leomerpudeckoe npescraBienne CyMMbl U PA3HOCTH

[eoMeTpHYeCKuil CMBICJT YMHOXKEHUS HA MHUMYIO €JMHHILY 4 COCTOUT
B 1oBopote Ha yrou 7/2 (nnm 90°). HeiicTBuresbHo, nycTh 2 = T + 1y,
Torga i-z = —y+iz. [Ipeobpazosanue (x,y) — (—y, ) — 3T0 MOBOPOT
BekTopa (z,y) Ha 7/2 IPOTUB YACOBOW CTPEJIKHU.

VMHOKEHHE KOMILJIEKCHOTO YHCIa 2 = T + iy Ha KOMILIEKCHYIO
skcronenty e coorBercryer moBOpOTY Ha yros 6 MpOTHB YACOBOIL

cTpesiKu (CM. TOIPOOHE MyHKTHI u[2.3.1)).
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2. I'EOMETPUSA

Im 2

Im 2

K
K
Rez

o
Rez

Puc. 4. leoMerpuyecknii CMBIC yMHOMKeHIs Ha, i 1 Ha, e

l'eoMeTpraeckmit CMBIC OIIEPAINH CONIPSI2KEHNSI 2 —> Z COCTOUT B
OTPaXKEHUU OTHOCUTENBHO ocu O.

IIpumep 8. Hcxodsa uz 2eomempuueckux paccysicdenuti, doxazamo

HEPaABeHCcMmeo
z
— — 1| <argz.

Z. HaXONWUTCS Ha eIUHUIHON OKPY>KHOCTH.

Pewenue. Yuciio B

Puc. 5. JIguna gyru 607bI1e JJIMHBI OTPE3Ka.
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2. I'EOMETPUSA

[TocTponM Ha KOMILIEKCHOH IJIOCKOCTH BEKTOP, COOTBETCTBYIOMIMIA
pasHoCTH é — 1 (puc. .

z
|z[
paBHA arg z U He MOYKET OBITh MEHBIINE JITTHHBI OTPE3KA COCTUHSAIONIETO

3TH TOYKU. AN

JlJMHA yTH eIMHUYIHON OKPY?KHOCTH, COEJTUHSIONIEH TOUYKH 1 1

IIpumep 9. Sagurcupyem zg € C ur € R, r > 0. Uzobpasumsv wa
KOMNAEKCHOU NAOCKOCTIU MHONCECTNBO MOYEK, COOMBEMCMEYIOUWUL
KOMNACKCHOM YUCAAM Z, KOMOPbLE YOOBAETNEOPAIOM, YCAOBUAM:

1) |z—z20l=7r, 2)|z—2|<r

Pewenue. 1) Ilycrb z = @ + iy u 29 = xo + iyp. Pacuummem momyiib
KOMIIJIEKCHOTO 9HC/Ia |2 — 20| Mo onpesenenuo:

|z — 20| = |z + iy — (zo + iv0)| =
|z — 20+ i(y — o)l = V/(z — z0)2 + (¥ — v0)2-

Torna paBeHCTBO |z — zg| = 7 PABHOCHJIBHO

V(e =202+ @y —w)?=r wm (z—20)*+(y—yo) =r"
B cBoio ouepen, ypasuenne (x — xq)? + (y — yo)? = 72 3a1a6T OKpy*x-
HOCTB C IEHTPOM B TOUKe (X0, Yo) U PAJAYCOM T

2) Paccy»xkiast aHAJIOTUIHBIM 06PAa30M, IPUXOIUM K BBIBOJLY, UTO
HEpaBeHCTBO |z — 2| < r paBHOCHIBbHO HepaseHCTBY (o — 0)% + (y —
y0)? < 12, KoTOpOE 3a1a8T KPYT.
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2. I'EOMETPUSA

Im 2 Im z

Yo | Yo |

Rez Rez

Puc. 6. Opr}KHOCTb 1 KpyT C OEHTPOM B TOYKE Z(.

Takum obpasoM ypaBHeHUs |z — zg| = 7 u |z — 2p| < 7 onpeesnsiior
Ha KOMILJIEKCHOII IIJIOCKOCTU OKPY?KHOCTH U KPYT € IIEHTPOM B TOYKE
2o 1 pagumycoM 1 (puc. [6)).

A

IIpumep 10. BoiicHumbs 2eomMempumeckuti CMBICA YKA3GHHBLT COOM-
HOWEHUL:
a) [z| =Rez+1, 6) |z =Imz+ 1.

Pewenrue. a) Ilycts z = x + iy, TOr1a I€pBOE COOTHOIIIEHIE MOYKHO

IIepenucaTh KakK
Va2 +y?=x+ 1. (20)

OTMmeTnM, 9TO MOJLY/Ib KOMILJIEKCHOTO YHCIa |z| Beerja GoJibine wmim
paseH Hyuto. [Tosromy = > —1 (wmm Rez > —1).
BosBeném obe gacTu ypaBHEHUsT B KBaJIPDAT U IPUBEJEM MO~
HODOHBIE:
y? =2z 4+ 1. (21)

VYpasuenue (21) 3amaér napabosty ¢ BEpIIMHON B TOUKe (—%, 0).
6) IIpoBo/ist aHAJIOTMYHBIE PACCYKJIEHUs, HOJIydaeM, 9YTO BTOPOe
COOTHOIIICHUE 3KBUBAJICHTHO yPaBHEHHIIO

22 =2y +1,
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2. I'EOMETPUSA

KOTOpOe 3aJ1aéT 1apabosty ¢ BepiuHoii B Touke (0, —%) (cMm. puc. .

Im 2z Im 2

|z| =mz+1

\ Rez _1\<./1 Rez
—i

Puc. 7. ITapabosnt

A

IIpumep 11. Uz06paszumvb MHOHCECTNBO MOYEK HA KOMNAEKCHOU NAOC-
KOCTU, COOMBEMCMEYIOULULT YUCAAM, KOMOPHLE YIOBAECTNEOPAIOM, YCAO-

B8UN
lz— 1|+ |z +1] = 3. (22)

Pewenue. Ilycrs z = x + iy, Torga (22) paBHOCHIBHO

Ve =12 +y2+/(z+1)2+¢2 =3.

[Tepenecém BTOpPOE CjlaraeMoe BIIPABO U BO3BEJIEM 00€ YaCTU PABEHCTBA
B KBaJpaT:

(-1 +y*=9-6(z+1)2+ 32+ (z +1)® + ¢,

WM, COKpAIIasi,
6 (x+1)2+y%2 =9+ 4x. (23)

BOBBG,ILéM 066 JaCTU paBEHCTBa B KBaJparT:
36(x% 4+ 22 + 1 +y?) = 81 + 2 - 362 + 1622,
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u JaJjiee
2022 + 36y? = 45. (24)

[Tepennmem ypasuenue (24) B e

2 2
T Y 9 9 5 5
,  TAea 4’ A

|
+
|

[

Takum obpazom, ucxojHoe ypaBHeHue (22]) paBHOCHIBHO KaHOHM'E-
CKOMY ypaBHEHHIO d/umrca (puc. [3)).

Im ~

b

* ° Rez

Puc. 8. Duumunc (Gosbinas noayoch a = %, MaJias moJiyoch b = %)

Sameuarue. Boobie ropopsi, ¢ caMoro HadaJia MOYXKHO OBLIO 3aMe-
TUTb, YTO yPABHEHUE 38/1a6T MHOYKECTBO TOYEK Z, ISt KOTOPHIX
cyMMa paccrosiHuil 710 1ByX JaHHbIX (—1 u 1) nocrosinaa (un paBHa 3).
Jpyrumu ciioBaMu, 3T0 ypaBHeHHe JuIHIca ¢ (hOKycaMu B TOUKaxX — 1

ul.

A

IIpumep 12. Hatimu mHootcecmso mouex 2 Ha KOMNAEKCHOUT NAOC-
KOCMU, OAA KOMOPIT BHINOAHAEMCA YCAOBUE

|z —i| = |z —1]. (25)
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Pewenue. 3amerum, 9ro |z —i| — 310 paccrosinue or z 10 i, a |z — 1]
— paccrognue or z 10 1. Takum 00pa3oM, MHOXKECTBO TOYEK Z, YIOBJIE-
TBOPAIOIITUX , ABJIAETCA MHO2KEeCTBOM TOY€EK, paBHoy,ZLaJIéHHbIX oT
JBYX JaHHBIX (0T ¢ 1 oT 1). DTO MHOXKECTBO MpPeJCTaBIsAeT cobol ce-
PEIMHHBIN MEPHEHIUKYJIAD K OTPE3KY, COCINHSIONIEMY JTaHHbIE TOUKU

(puc. [9).

Im z

» Rez

Puc. 9. CepesiuHHBIi TEPHIEHAUKYISD K OTPe3KY [1, ]
VAN

Ilpumep 13. /Jlaa 6cex KOMNACKCHBIT WUCEA Z U W, YOOBAECMEOPAIO-
wuxr coommowenuam |z| =12 u |w — 3 — 4i| = 5, natimu murumMyM w
MAKCUMYM MOOYAA Pa3HOCU |z — w).

Pewenue. 3amMeTuM, U4TO BCE YUCHA Z, YAOBIETBOPSIOINIAE COOTHOIIIE-
HUIO |z| = 12, 06pa3yioT OKPYKHOCTH C IIEHTPOM B HyJIE M DAJIILyCOM
12. CoorHortenue |w — 3 — 4i| = 5 3a1aéT OKPY?KHOCTD C IIEHTPOM B
Touke 3 + 4i u paguycom 5. B cBoto ouepeip, BesmunHa |z — w| ecTh
PACCTOSTHIE MEXKIy TOUKAMU 2z U w. Taxkum obpa3oM, 3a7a9a COCTOUT
B TOM, 4TOOBI HANTH MUHUMAJIBHOE 1 MAKCUMAJILHOE PACCTOSHUE MEYK-
JIy TOUKAMU Z U W, JIESKAIUMHA Ha COOTBETCTBYIONINX OKPYZKHOCTSIX.
[TocTpoum 3Tu OKPYKHOCTH.
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2. I'EOMETPUSA

Im

Puc. 10. Oxpyxuocru |z| =12 u |[w—3 —4i| =5

N3 puc. OYEBUIHO , UYTO 12 — MaKCHUMaJIbHOE PACCTOSTHUE, & 2 —
MUHIMAJIbHOE)
2.2. Tpuronomerpuveckasi popma 3amucu
[Iycts z = x + iy u p = Arg z, Torga

x Y

COsSp = —F——, sinp = ——. 26)
.fU2 +y2 /.’132 + y2 (
O6ozuaunm p = /22 + y2. U3 BBIBOJIUM

Rez=xz=pcose u Imz=y=psing. (27)

B urore u3 (27) umeem

z =1z 41y = p(cosp + isingp).

SKparuaiiliee pacCTOsIHEE MKy IBYMsI HEEPECEKAIOMIMUCH OKPYYKHOCTSIMA
pamuycos R u r pasuo d — (R + 1), eciin ofjHa OKPY?KHOCTB JIEXKUT BHE JIPYTOH, 1
R — (d+ ), eciiu ogaa — BHyTpH Apyroil (d — paccTosiHEE MEXKy IMEHTPAMH).
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Bamnmch KOMIIJIEKCHOTO dnciia Buja z = p(cos ¢ +1isin @), riae
p = |z|, a ¢ = Arg z, Ha3BIBaETCH MPUZOHOMEMPUHECKOT.

IIpumep 14. 3Banucams wucao z = 1 4+ i 6 mpuzonomempu4eckod
popme.

Pewenue. anHOe YUCIIO 2 HA KOMILJIEKCHON IIJIOCKOCTU SIBJISETCS
BEKTOPOM ¢ KoopauHaTamu (1,1).

BekTop HampasJieH 10 JIMaroHan
eJIMHUTHOTO KBaJIPATa, M IO3TOMY
yroi ¢ = 7 /4. dnuna Bekropa (Mo-
aynb 2) p=+1+1=+2.

Takum obpazom,

3 z:\/§(cos£+isin%).

2.2.1. IIpousBeaeHue B TpuroHoMerpmuieckoii ¢popme

[Myctb 21 = p1(cospr +isingy), a 2o = p2(cos @y + isings) — aBa
KOMILJIEKCHBIX 9uc/a (B TPUIOHOMETPUYECKOI 3aIMCH ), TOTIa HECITIOK-
HO IIPOBEPHUTH, YTO UX HPOU3BEJIEHUE MOXKHO BLIUUCJ/IUTD CJIELYIOIIIM
00pa3oM: E|

21 - 29 = p1 - pa(cos(p1 + p2) +isin(p1 + p2)). (28)

JpyruMu cjioBaMu, MOJIYJIb IIPOU3BEJEHUS JIBYX KOMIIJIEKCHBIX M-
ceJI paBeH ITPOU3BEJICHUIO MOJYJIEll 9TUX YHCes, CyMMa apryMEHTOB
COMHOYKHUTEJIEN SBJISETCS apryMEeHTOM ITPOU3BEIEHUS.

6chonb3yﬂ dopMysIBI  COSp1COs2 — sinpisings = cos(pr + ¢2) u
Sin 1 cos w2 + €os 1 sin 2 = sin(p1 + 2).
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B cBowo ouepenp, meseHne KOMILIEKCHBIX UHCEN, 3AIIUCAHHBIX B
TPUTOHOMETPUIECKON hopme, uMeeT BHL

5 .
2 &(cos(cm — p2) + isin(p1 — @2)).
29 P2

Takum 06pa30M, MO/IYJIb 9aCTHOI'O JABYX KOMIIJIEKCHBIX YHCEJI PaBECH
JaCTHOMY MOﬂyﬂeﬁ 9TUX YHUCEJI, Pa3HOCTHL apryMEeHTOB [AEJIMMOI'0O 1
JeJInTeJId ABJIAETCA apTyMEHTOM 9aCTHOTIO.

ITpumep 15. Hatdimu npoussedenue u wacmoe KOMNAEKCHOLL YUCEA:

5 =3 <cos (%f) +isin <?’Z>> 2y =2 (cos (—g) +isin (—g)) .

Pewenue. 1o dopmyse yMHOKEHIA KOMIIJIEKCHBIX YUCEJT B TPUTOHO-
MeTpHuYecKoit hopme morydaemM

2122 =32 <cos <?Zr+ (—2)) +isin <?ZT+ (—2))) =

6 - (cos <%) + ¢sin <%)) = 3V2 +i3V2.

ITo dpopmyne neneruns morydaem

3 () ()

A

Dopmyita (28)) mst IpousBeieHUst IBYX KOMILIEKCHBIX YHCEJ MOKET
OBITH 00001eHa. B wacTHOCTH,

22 = p*(cos 2 + isin 2¢p),

271 = p~Hcos(—p) + isin(—p)).
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2. I'EOMETPUSA

N nnst mroboro memoro amcia k BepHO
2F = pF(cos ke + i sin k). (29)

Hpyruvu caoBamu, dopmyna (29) 3amaér crmocob Bo3BemeHMsT KOM-
IJIEKCHOI'O YUCJIA B CTEIEeHb.

IIpumep 16. Bouucaumos

1_:4/3

Pewenue. IlpejicraBum 4uciio 5 —i5> B TPUTOHOMETPHIECKOl hopme.

- o () i (5))

Haiee 1o popmyiie BBIYUC/ISIEM:
(cos (—E) + ¢ si (—z)>10 = | cos _10m + 1 si _10m =
3 isin (—3 = 3 isin 3 =
2 2 1
(cos (;) + ¢ sin (;)) =3 —i—i\ég

[Tpu p = 1 u3 Beipaxkenus (29) BeiBOAUTCS Popmyaa Myaepaﬂ:

[onyamm

(cos ¢ +isin @) = cos ke + i sin k. (30)

Ty GOpPMYTy MOXKHO HCIOJH30BATH JJIsT HAXOXKIEHUS CHHYCOB U
KOCHUHYCOB KPATHBIX YIJIOB.

"Jacro dopmynoii Myaspa Ha3bIBAIOT BBIPAsKEHIE (129)).
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ITpumep 17. Busecmu gopmyav, das sin3p u cos 3p.

Pewerue. 3anuiieM BbIpaXkeHue B yacTHOM ciydae (k = 3):
(cos g + isin @) = cos 3¢ + i sin 3¢.

Ucnonb3yst popmyay , pacuuiieM JIeByIo 9acTh:

(cos p +isin @) = cos® p + 3i cos® psin p — 3cos psin? ¢ — isin® p

= cos® p — 3 cos psin? p + (3 cos? psin g — sin® ).

Takum obpaszom,

cos® ¢ — 3cos psin? ¢ + (3 cos? psin ¢ — sin® @) = cos 3¢ + 7 sin 3.

[TpupaBuuBast neificTBUTEIbHbIE I MHUMBIE YACTH, HMEEM

sin3p = 3 cos? psinp — sin® v,

cos 3p = cos> ¢ — 3 cos psin? .

ITpumep 18. Buwuucaums (cos2¢ + isin2¢ + 1)".

Pewenue. Bocrmomb3yeMcs Ce Iy OMIMI TPUTOHOMETPUICCKIMEI (PO~
MYyJIaMU:

14+ cos2p=2cos’p u sin2p = 2sing - cos .
Torma nmeem

cos2¢ +isin2p + 1 = 2cos? ¢ + 2ising - cos g =
2 cos p(cos @ + isin ).

Hainee ¢ momomrs dhopmysibl Myaspa (30) BosBogum B crenenb n:

(cos2¢p +isin2p + 1)" = 2" - cos” ¢ - (cos ny + isinny).
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IMpumep 19. [Tyemv n €N, z € C, |z| = 1 u ussecmmo, wmo z°" #
n

—1. IIposepumn, wmo ABAAELMCA JCTULCMBUMEALHIM YUCAOM

14 22n

(m. e. Imﬁ;n =0).
Pewenue. Ilockoabky |z| =1, TO
z = cosp + ¢sin ¢,
a 110 dopmyiie (30))
2" =cosnp +isinng u 22" = cos2ny + isin 2nep.
Hasee, ucmoyib3yst pOPMyJIbI
1+ cos2p = 2c08? ¢ m sin2p = 2sing - cos p,

nmMeemM

14 22" =14 cos 2nyp + isin2np =
2 cos® ny + 12 sin nyp cos ng = 2 cos np(cos ny + isinny).

Torna

z" cos Ny + i sin nep - 1

1+22  2cosnp(cosng +isinng) 2cosng’

1 3 2013
IIpumep 20. Borvucaumo <—§ + 27) .

Pewenue. IlpencraBum umcio —% + zg) B TPUIOHOMETPUYIECKOM
dopwme:
1 V3 2 2

54—1'7 :cosg77+isin§7r.

[Tpumensist popMysy BO3BEIEHNUS B CTEIEHD, IOy INM
2013
1 + V3 = 2013 2 +4sin | 2013 2 =
5 7 5 = cos 37r 4 sin 37r =
cos 1342w + 1sin 13427 = 1.
A
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2.2.2. UV3BjaedyeHune KOpHEN M3 KOMIIJIEKCHBIX YHCEJI

Tpuronomerputeckasi 3alUCh KOMILICKCHBIX YHUCE/T OKA3BIBAETCS Y100~
HOU U U1 U3BJICUYCHUA KOPHEH n-I CTElEHH.

HanomuuMm, 9To Kopenb n-ii cremenn z» (wim {/2) — 9T0 KOMILIEKC-
HOE YHUCJIO W, JUI KOTOPOT'O BBIINOJIHEHO ycjaoBue w” = z, T. €. Ipu
BO3BEJCHUU 9TOI'0 YMUCJA B CTEIEHDb 7, Mbl IIOJIyYUM Z.

Ecnu z # 0, To cymtecTByeT n pa3audIHbIX KOpHEH n-it cTe-
IICHU U3 YUCJIa 2:

27k 2k
wr = V/|z|(cos P emk + isinu), (31)
n n

rne k=0,1,2,....,n—1u p=argz.

[Tpu sTOM UHCIA W), UMEIOT OJMHAKOBBII MOysb (paBHBIH {/|z|) n
PAaCIOJIOKEHbI B BEPIINHAX [PABUIBHOIO N-yTOJBHUKA (JIJIs1 CIIydaast
8

V1 em puc. [11)). Ectu n = 2, To 3HaMenns KOPHs JesKaT Ha IHAMETDE
OKDYZKHOCTH C IIEHTPOM B HYJIE.

Im z

Puc. 11. Bee 3nauenns /1

SameruM, uTo B dopmyie Y/|z| — 10 apudmernueckuii Ko-
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PEHDb U3 IMOJIO2KUTEJIbHOI'O YUCJIa, & 3HAYUT, onpe;:LenéH OJIHOBHAYHO.
OcobeHHOCTb U3BJICUCHUS KOpPHA U3 KOMIIJIEKCHOT'O 9UCJIa 3aKJII09a-

erca B caeytomem. Eciim Mbl OyjieM paceMarpuBarh /2 Kak (byHKIUIO

| f2) = VI,

TO B KayKJ0i ToUKe (3a MCKIodeHneM Hyst) f(z) OymeT npuHUMATH
POBHO 1 Pa3IMIHBIX 3HavYeHnil. Takum o6pasoMm, {/z sBJISeTCs IIpUMe-
POM MHOIO3HAYHOI (DYHKIIUH.

IIpumep 21. Buoucaums /141 u usobpazumsd Ha KOMNAEKCHOTU

naocrocmu.

Pewenue. CHauasia Hy»KHO NIPEJICTABUTL YUCIO 1 + 4 B TPUIOHOMET-

puueckoii dpopme. Mol 310 y2ke crenanu B npumepe [14}

. T .7
144 =/2(cos — +isin ),
4 4
rie p= 2| =v2uargz =TI

[TockosbKy n = 2, To B coorBercrBuu ¢ dhopmysoii (31) umeem npa
KODHSL:
s T
wy = v/2(cos 3 + ¢sin g),
97 . . 9w
wy = V/2(cos 5 + ¢sin g)

Puc. 12. 3nagenus kBagpaTHOro Kopust /1 +
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Ha puc. [I2| u306pazkeHbl 3HAYMEHUsT KOPHS W1, W2, OHU PACIIOJIOZKEHbI
4
Ha OKPY?KHOCTH PaIycoM v/2. A

IIpumep 22. Ha xomniekcholi naockocmu 3a0aH Mmpey2osoHuK ¢ 6ep-
wunamu 6 mouxax 1,2i,—1 (puc. .

Im z

23

Rez
1

Puc. 13. Tpeyrospuuk ¢ BepuinHamMu B TOYKax 1, 2i, —1

Haﬁmu, Kax USMEHUMCA MPEY20A4DHUK, ECAU OAA 6CeT Movex z u3
IMo20 MpPeEY2o0AbHUKA BbINOAHUID cne@ymugue deticmeus:

z-i, 2)z+1i, 3)—, 4)z—i.
i

Pewenue. Vcxonst n3 reOMETPUYIECKOr0 CMBICTA YKa3aHHBIX JIeii-
CTBUU MOYKHO yBHJIETb: 1) YMHOXKEHHE Ha i - OBOPOT IIPOTUB YaCOBOIi
crpesiku Ha yroa 90°, 2) mpubaBienue i - CIBUT 110 MHUMOIl OCH B
HOJIOKUTEJIbHOM HAIIPABJICHUH, 3) JIeJIeHUe Ha 4§ - IOBOPOT POTUB Ya-
coBoii crpesiki Ha yroa 90°, 4) BblUATAHKE § - CJBAT B OTPUIATETHLHOM

HAIPABJICHUU (CM. PUC. .
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Imz Imz
24 24
-1 L\
Z+1
- Rez + Rez
1 1
Imz Imz
24 2i
<
1 .
Z—1
- Rez t Rez
1 LAl

Puc. 14. O6pa3 TpeyrojbHUKa [IPU PAJINIHBIX JIEHCTBUAIX

ITpumep 23. Hatimu sce maxue z € C, umo

N T

arg(z —1i) < —.
6

Pewerue. Oboznaunm w = z — i U pemumM HepaseHcTBo arg(w) < .

Bee umcsia w, apryMeHT KOTOPBIX MeHbIIe 4eM, 7/6, Haxomarcs B

3alITPUXOBAHHOI 0GJaCTH Ha PHUC. ITockoJIbKY 2 = w + i, TO

ucKoMasi 06s1acTh OyjleT CJIBMHYTa Ha €JMHUILy 10 MHHUMOH OCH B

ITOJIOZKUTEJIbHOM HallpaBJICHUH.
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Imw

Im z

\71'/6

\7T/6

2.3.

1 1

Pemmenne st arg w < % Pemmenne st arg(z — i) < %

Puc. 15. K upumepy

IlokazaTenbHast (popMa 3amnmucu

CymecTByeT emté omHa (popMa 3alnuCh KOMILIEKCHBIX Tuces. Jls
310l (POPMBI TTOTPEOYETCST BBECTHU TTOHATHE KOMILIEKCHOM SKCIIOHEH-

THI €7.

2.3.1.

KomniekcHast sKkcrmoHeHTa

DKCIOHEHTA €° SIBJISIeTCs] IPUMEPOM KOMILIEKCHOM (DyHKITMH KOM-

IIJIEKCHOT'O IIEPEMEHHOTO.

KOMHJIGKCHYIO 9KCIIOHEHTY OIIpeae/IAI0T B BUAEC CyYMMbI CTE-

nenHoro psja (em. 1. [4.4.):

2
Z
—1+z+—+—+ § S

NJIN KaK IIpeJesr IIoC/Ie10BaTC/JIbHOCTU:

e = lim (1 + %)n (32)

n—oo
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OcHoBHbIE cBOlICTBA (DYHKIINU € — ITO
et =e* e m (ef)Y =P, (33)

rie z,w € C — ymobble KOMILIEKCHBIE Tmcia. amee HaM moTpedyeTcs
Ppopmyaa Iiasepa:

€' = cos p + isin g, (34)

rie ¢ € R — meficTBUTE/ILHOE YHUCIIO.

B gacrHOCTH TIOJTYHaeM, 9TO
e =1
Jutst moboro ¢ € R.

[Tpu mojcranoske B hopmyiy (34]) KOHKpeTHBIX 3HAYEHUIT ¢ BBIBOIUM
CJIETYIOIIEe COOTHOIIEHUSI:

e - 3mi .
V=1, ez =4 €"=-1 e2 =—i €M=1,
n
™ =1 ek €Z.
Pagencrso

e™+1=0,

CBA3BIBACT MEXK/Iy COOOI IATh CAMBIX PACIPOCTPAHEHHBIX MaTeMAaTHU-
YeCKHUX ITOCTOSHHBIX U CUNTAETCSd OJHUM U3 BeJUYalInx MaTeMaThde-
CKHUX COOTHOIIEHUA.

2.3.2. 3anuck B mokazaTesbHOI dopme

[ycts z € C, p = |z| m ¢ = argz, TOra YUCIO 2 MOKHO
3alUcaTh B BUJIE
z = pe'?.

IIpumep 24. 3anucams wucso z = 1+ i 6 nokazameavhot dopme.
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Pewenue. Panee B npumepe MBI BBIMHUC/TAIN BeJIMIUHbL arg 2 = 7

i p = /2. CiesoBarennsHo,
z=2e7.
YA

[Tokazarenbuas opma yaobHA i TAKUX OMEPAInii, KAK YMHOXKEHUE,
JieJIeHre, BO3BEIEHNE B CTENEHb U U3BJICUEHNE KOPHSI.
[Iycth 21 = p1€'Pt u 29 = p2e*¥2, Torma

AL ﬂei(sm—wz)

Zl . 22 = p1p2el(¢1+502)’
) P2

w2k

(Z)”:p”emw, Q/E:{l/ﬁei n ,romek=0,1,2,...,n—1.

IIpumep 25. Hadmu deticmsumenvrsvie KOPHU YPABHEHUA

tisi 1+3.
cosx +isinz = = + —i.
2 4

Pewenue. Ilo dopmyie Ditnepa cosz + isinz = e, || = 1 mua

JI000T0 JAEHCTBUTEIBHOTO T, 3HAYNT, | cosx + isinx| = 1.
C Jpyroit CTOPOHBI, JJIsi MOJLYJIsl IPABOH YaCTH NMeeM

VI3
=7z 7t

4+

1 3
2 4

CremoBaTesibHO, y JAHHOIO YPABHEHUS JIEHCTBUTE/HHBIX KOPHE HE
CYIIIECTBYET. A
Cdepa Pumana. BeckoneyHo yjajieHHasi TOYKa

B sToM IIyHKTe MBI PaCCMOTPUM IIOAXO, KOTODPBII II03BOJIAET BBECTH
HOHSITHE OECKOHEUYHO yJlaJIeHHOI TOUKU Ha KOMIIJIEKCHOI IJIOCKOCTH.
Bosee nosiHoe n3oxkenue npusesieHo B [8).
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2. I'EOMETPUSA

PaccmoTpuM TpexmepHOe eBKJIHJIOBO ITPOCTPAHCTBO ¢ KOOPIMHATA~
mu (€,1,60) 1 COBMECTHM KOMILIEKCHYTO II0CKOCTb C ¢ MI0CKOCTHIO
O&n Tax, 9T0OBI JefiCTBUTE/IbHASI OCh COBIAJA ¢ 0Chio OF, MHUMAasI
0Chb € 0cbio 0N, U TIOJIOXKUTEIbHbIE HAIIPABJIEHNS] HA COOTBETCTBYIOIIUX
OCSIX COBITAIAJTH.

Ob6o3nauuMm vepe3 S cdepy ¢ HEHTPOM B TOUKE (O, 0, %) pammyca %,
UMEIOIIY0 YpaBHEHUE

ey (0-1) 21 (35)
U 5) =1
a Touky (0,0,1) nHazoBeM noarocom chepbr S U 0003HATUM CHMBO-
jgiom P. Coemmanm orpeskom Touky z € C ¢ mosrocom P, nipu 3ToM
oTpe3ok mepeceder chepy S B exurcTBenHO Touke M (€, 1, 0). Touka
M wnazwbiBaeTcst cmepeoepadureckoti npoexyuet touku z € C Ha

cepy S.

Puc. 16. Cdepa Pumana

Crepeorpaduyeckasi IPOEKIMsS yCTAHABINBAET B3aUMHO OJHO3HAY-
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2. I'EOMETPUSA

HOE COOTBETCTBUE MEXKJy TOYKAMM KOMILIEKCHOM miockoctu C u Tod-
Kamu cepbl S ¢ BBIKOJIOTBIM TOJIOCOM P.

B cuny kosmmneapuocru touek P(0,0,1), M(&,n,0) u z(z,y,0) ume-
em

§_m_1-9
r y 17
OTKY/Ia BBIBOJIUM
§ n §+in
— - = 36
S DL A B A (36)
[TockombKy
2 2
o2 = £
(1-0)?
T0 u3 ypaHeHust cdeps (35)) momyaaem
0
2
= . 37
ot = —— (37)

Bripaxas us paBeHCTBa 3HavYeHue f u MoJICTaBJIAS €TI0 B pa-
BEHCTBa , HaXOJuM
14 [z L4227 0 T4 [2*

3 (38)
Dopmysibl Ha3bIBAIOT hOpMyJIaMu cTepeorpadudecKoil MPOeKInn.

HpI/I HEOIrpaHUYIC€HHOM YyJIaJIEHUU TOYKHU Z OT HYJISA B IIPOU3BOJIBHOM
HAIIPABJICHUN (BJOJIb IPOU3BOJILHON MPSMOii) 00pa3 9Toil TOUKN Ha
cdepe Beeria OyieT cTpeMuThCA K mosocy P. JlobaBuM K KOMILIEKCHOIM
mrockocTu C udeanavrovili 06sexm, Ha3bIBaeMblil HeckoneuHo ydaseH-
HOU MO4KOoU 1 0003HATAEMBIII CUMBOJIOM 00. Jlajiee KOMILIEKCHYTO
IJIOCKOCTD C IPUCOEINHEHHON K Hell 6ECKOHETHO yIaJIEHHON TOYKOi
OyJ/leM HA3BIBATH PACUWUPEHHOT KOMNAEKCHOT MAOCKOCMDBIO U
oboznadats cumposiom C, T.e. C = C U {o0}.

Ecsu Mbr sroomipeiesium crepeorpadudecKyo IPOEKIUIo, ToJiaras
nositoc P obpaszoM OECKOHETHO yIaJIEHHON TOYKU, TO IMOJIYIUM B3a-
UMHO OJIHO3HAYHOE COOTBETCTBUE MEXKJIY PACIIUPEHHON KOMILJIEKCHON
mwiockoctio C u cepoii S.
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2. I'EOMETPUSA

CraHapTHON OKPECTHOCTHIO mToJioca P Ha cdepe siBjsieTcst «Ima-
[IOYKa», T.€. 4acThb cephl S, paclojoXKeHHasl BbIIIe HEKOTOPOI ILIOC-
koct # = a, 0 < a < 1. CragnaprHoil OKPECTHOCTHIO HECKOHEIHO
YIAJIEHHOM TOYKM Ha KOMILIEKCHOH IJIOCKOCTH SIBJISIETCS IIpoobpas
CTaHIAPTHON OKpecTHOCTH ToJrioca P ripu crepeorpadudeckoi mpo-
exnun, T.e. Muoxkectso U = {|z| > r > 0} — BHemHOCTH KpyTra C
IeHTPOM B HyJie. IIpu TakoM onpejiesiennn crepeorpadpudeckas mpo-
eKIus Oy/IeT HelmpepbiBHA W B OECKOHEYHO yaaJieHHON Touke. Ilpum
5TOM 0TOOpAasKeHHe BCell PACIIMPEHHON KOMILIEKCHOI 1ockocti C Ha
chepy S Oymer romeomopduamom. Cepy S, Ha KOTOpOit m300parkeHbl
KOMILJIEKCHBIE YHCJIa, Has3blBaloT cghepoti Pumana.

EcrecTBenubiM 06pa3oM ONPEAEIsIeTcs CXOAUMOCTD TIOC/IEI0BATE b
HOCTU KOMILIEKCHBIX YHCET {Z,} K GECKOHEYHO yjaJIeHHON TOYKe:
Zp, — 00, €CJIH JJist JII000# OKPEeCTHOCTH DECKOHEYHO y/IaJeHHON TOUKM
U Haiimercss Takoii HOMep ng, YTO IPU N > Ng TOYKU Z, IPUHAI-
JieskaT oKpecTHOCTU U. DTo ompejiesieHne SKBUBAJIEHTHO TOMY, YTO
|zn| = 400 (6ostee OIPOOHO PO TpEET MOCIEOBATEIILHOCTH CM.

TJIaBy .
Sagaum K riiase 2

29. z=1—i. Haiitu |z| mw arg z. [
30. Ilycrb |z| = 2 m arg z = §. llpencraputs 2 B BUJE T + 1Y.

31. Ilycrs 0 < a < B < 27w u zg € C dbukcupoBanHast Touka. Haiiru
FeOMETPUIECKOe MECTO TOUYEK 2 Ha KOMILJIEKCHOM IIJIOCKOCTH, TAKUX,
qTO:

a)a<argz < B,  6) a<arg(z—2) < B

[

32. Haiiti reoMeTputdeckoe MeCTO TOUYEK 2 Ha KOMILIEKCHOII ILIIOCKOCTH,
KOTODBIE YJIOBJIETBOPSIOT COOTHOIIEHNUIO |2 — i| + |z 44| = 16. |
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2. I'EOMETPUSA

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

[Iycts 21, 29 — PpurcupoBaHHBIE KOMILJIEKCHBIE Unciia. Haiitu reo-
METPUUIECKOE MECTO TOYEK, COOTBETCTBYIONINX UUCJIAM Z, TAKUM,
9TO:

a) |z —z1| =|z2— 2], 6)|z—2z1]|=]z+ 2]

[

[IpencraButh 2 = \/§ + ¢ B TPUTOHOMETPHUIECKON dopme. |y

[pencrasuts 2 = —2 4 i2+/3 B TpuroHOMeTpryeckoii dopne. [
2—2i .

[IpescraBurh B TPUI'OHOMETPHUYECKO# dopme. [l
1-3

[IpenacraButs ancio

1 —cosa—isina

1+ cosa+isina

B ajrebpamdeckoil popae. [

Haittu mpousseeHne KOMILIEKCHBIX THCET 2] - 29:

z21 =2 (cos <12) + 7sin <12)) , 20 =3 (cos <%) + 7sin <%)) .
[
Beraucuts (1 + v/3i)°.

BoraucanTn (% i) I
Brranciurs:

2w = (VBB 1V 6)p= LTV =iVET

[

Brisectn dbopmystsl 11st sin 5 u cos 5. [inm]
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2. I'EOMETPUSA

43.

44.

45.

46.

47.

48.

49.

50.

51.

Beruncsnts (cos2¢ + isin2¢p — 1)™.

Beranciuts (1 4 cos @ + isinf)”, rue n € N.

Beisectu dopmyiry qurst (1 +4)™ 4+ (1 — )™, [um

[IpencraBuTh B oKazaTebHO hopme uncia z; = \/6’2“& uzg =

1—i [

[IpencraBuTh B mokasaTeabHON OpMe CIIeIyIONe KOMILIEKCHBIE
qUCIIa:

a) (1+itga)™; ecomla| < 7/2, 6)1+iV3; B) —V6+iVv2;
r)1—(2—+v3)i; n)1+cosa+isina; e |a| < ;
e) 1l —cosa—isina npu 0 < o < 27;

x) (1 — e (1 —e?P); ecrm 0 < o, f < .

[

[Iposeputs, uT0O A1t Beex 21, 23 € C BBIOIHEHO HEPABEHCTBO

’Zl?z +§122‘ < 2‘2’122‘.

L3

Haittu 06passr Touex

npu creperpadudeckoil TpoeKkIun. [

[Tpu kakoMm ycoBum crepeorpaduIecKUMEU TPOEKITUSIMA TOYEK 2]
U Z3 SABJISIIOTCH JIMAMETPAJIBHO ITPOTUBOIIOJIOKHbBIE TOUYKH ChephI

Pumana?

Yro coorBercTByeT Ha cepe Pumana cemeiicTBy mapasiie IbHBIX
IPSIMBIX Ha KOMILIEKCHOM IIockocTu? [
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2. I'EOMETPUSA

TepMmuHbI K TyIaBE 2

apryMEHT KOMILIEKCHOTO Are » =R O
YUCJI& &
=Tl
0OECKOHETIHOCTD o0 el 7253 (1)
= =N
. 7 mE; K®, K
reoMeTprivecKasi HHTep- JUART U BH (FEERE )
TPEeTAISA
[UIABHOE 3HAYEHHe ap- A E A EE
CyMEHTa KOMILIEKCHOIO arg z =\
9UCTE
L
JJTUHE RE
VT R
eINHUYHAs OKPYKHOCTD O
N/
KOMILJIEKCHASI TIJIOCKOCTH HVE
KOMILTIGKCHAS IKC- o B A FEEL
HOHEHTA
AA KT
HOJIAPHBIE KOOPAUHATHI (p, <,0) AEpT
NS
TOJISTIPHBIA PANYC P SR
THOJISIPHBIN YTOJT ) e
HOCTPOUTD Ha, F e STl =353
JIGCKOCTH

TPUTOHOMETPUIECKAT
dépMa  KOMILIEKCHOTO
IUCJIA

z = p(cos @ + isin @)

SHH=mLH

dépmyna Myédspa

2% = pF(cos ko + isinky)

ECUISEST TS

boépmysta Ditepa

e’ = cosp +ising

/A=

=F

50



3. IIOCJIEAOBATEJ/IbHOCTU

3. IlocnepgoBaTe/IbHOCTU KOMILJIEKCHBIX YHCEJI

ITocaedosamenbHOCMb KOMILTEKCHBIX THCET — 9TO 3aKOH
(M PaBUIIO), IO KOTOPOMY KarKJIOMY HATYPAJbHOMY YHCILY
COOTBETCTBYET OIIPe/IeJIEHHOE KOMILJIEKCHOE YHCIIO.

OO6BIYHO MOCIEAO0BATEILHOCTD 3alIICHIBAIOT B BUJIE
Z1,R2,23y %4y -y %ny- .-

Takske MOCIE0BATEIBHOCTh MOKHO M300pazkaTh B BHJE TOYEK HA
KOMILIEKCHOI 11ockocTH (puc. [17)).

Im z
Z4

21

<2

Rez

z3

z5 Zn

Puc. 17. ITocienoBaTe bHOCTD KOMILIEKCHBIX qucest {2z, }

ITpumep 26. 3anucamsd HECKOABKO NEPEHIT YAEHOE NOCAEIOEAMEND-
Hocmetds U u306pa3ums UL Ho KOMNAEKCHOT NAOCKOCTU

a) zp =", O)wp = (1—0)"

Pewenue. a) BozBomg munMyto eunuity B crenenn 1,2, 3,4, 5, nmeem

21 = i, 29 = —1, 23 = —i, Z4 = 1, 25 = 1.



3. IIOCJIEAOBATEJ/IbHOCTU

Jlajiee 3HaYEHUsT OC/IEOBATEILHOCTH OY/IyT MMOBTOPATHCS TaKUM 00-
pa3oM, 4To

Za =1,  ZzZag41 =1, Zak42 = —1, Zap43 = —1,

rme k=1,2,3,..., T. €. BCe 3JIEMEHTHI MTOCTEIOBATEILHOCTU COCPEI0-
TOYEHBbI B Y€TBIPEX TOUKax (puc. [18)).

Im 2z
21, %5
70
22 2
. . Rez
—1 1
z3
—7 e

Puc. 18. ITocnenoBarensHocTh 2, = 1"

6) Ilo dopmyse Bo3BeneHHSI B CTENEHb B TPHUTOHOMETPUYIECKOM
dbopme (29) nmeem

(1—14)" = (v/2)"(cos <n72> + isin (JI)),

wy=1—i, wo=-2i, wz=-2-—2i, wy=—4, ws=—4+4i.
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3. IIOCJIEAOBATEJ/IbHOCTU

Im z

Wy

Rez

Puc. 19. ITocnenoBarensaocts wy, = (1 —4)"

DJIeMEeHTBI ,ILaHHOﬁ IIoc/jIeI0BaTEJIbHOCTH Jie2KaT Ha PaCKpPy4duBarO-

nieiicst cnimpasiu (puc. . A

[TociretoBaTEILHOCTE HA3BIBAETCS 02PAHUYEHHOU, €CTIU BCe

e€ 3HaYCHUSI OI'PaHUYECHBI, T. €. CYIIECTBYET IIOJIO2KUTEJILHOE
ncsto M < 0o, Takoe, 910 |2,| < M st Bcex n.

JpyruMu cjaoBaMu, MOCJIEIOBATEILHOCTh OT'PAHUYIEHA, €CJIU BCE
€€ 3JIeMEHTBI COJIEPXKAThCS B HEKOTOPOM Kpyre (B JIAHHOM CJIydae
paguycom M). Tak, mocsie0BaTebHOCTD 2, = i" W3 IpuMepa
orpannvena (zeficrBuresnbro, st M = 2 umeeM |z,| = 1 < M).
C npyroii CTOPOHBI, MOCJIEOBATEILHOCTD 2, = (1 — i)™ He sBseTcs

orpanuieHHoi (st sio6oro M HaBaETcst HOMEDP N, TAKOM, 9TO
|1 —d|™™ > M).
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3. IIOCJIEAOBATEJ/IbHOCTU

Hpeﬂeﬂ Imocjie10BaTeJIbHOCTHN

Kowmmtekcnoe 4nciio a Ha3biBaeTcs npedenom mociieoBa-
TeJBHOCTU KOMILIEKCHBIX YHcelt {2y, }, ecim jyist Jiroboro ancia
e > 0 maitnérca Taxoit nomep N = N(g), uaro s Bcex n > N
BBIIIOJIHSIETCSI HEPABEHCTBO

|zn —a| < e.
Wcnonb3yiorcst craggapTHBIE 0003HAYEHUST

lim z, =a N Zp — @, TIPA 1. — OO.
n—oo

[TociremoBarerbHOCTD, KoTOpast umeeT npenena a € C, Ha3bl-
BaeTCsl CLOOAULETICSA.

HpI/IMepaMI/I CXOOAIITMXC HOCJIG,ILOB&TQJII)HOCTefI MOTYT CJIIY2KUTh:

1
lim — =0 r1ae0<p< oo,

n—oo NP

lim 2" =0 opn |z| <1,
n—oo

lim /n=1.

n—o0

Bynem cuaurarh, 9To nh_)rgo Zp, = 00, ecal |zp| — 0o. Hampuwmep,

. _an
nh_)rgo(l i)" = oo,

1
lim — =00 1mpup<O0.
n—oo NP

Ha KOMILIEKCHOI IIJIOCKOCTH CXOAAMIAACH MOCIEI0BATEILHOCTH BbITJIs-
JIIT TaK, KaK IpeJcraBieHo Ha puc. [20]

o4



3. IIOCJIEAOBATEJ/IbHOCTU

Im z

z3
24 z2 21
.o o .

<5

Rez

Puc. 20. Cxomgamasica mocie 0BaTeIbHOCTD

Cieyer OTMETHUTD, YTO KaXKJIOi [TOCJIEI0BATEILHOCTH KOMILICKC-
HBIX unces {z,} COOTBETCTBYIOT JiBE IIOCJIE0BATEIHLHOCTU JIefiCTBH-
resibHBIX wucen {x,} u {yn}: z2n = Ty + ypn. BepHo cienyromee yTBep-
JKJIeHue:

lim z, =a=a+if < lim z,=cq, lim y, = 06.
n—0o0 n—0o0 n—0o0
Jlpyrumu cJI0BaM#, CXOAUMOCTD MOCJIEA0BATEIHBHOCTH KOMILICKCHBIX

qHCesl 0O3HAYAET OJJHOBPEMEHHYIO CXOJMMOCTD JIEHCTBUTELHON 1 MHHU-
Moii gacreil (1 Ha06OpOT).

Ecan HJIsd ,ILaHHOfI IocJj1e 10BaTeJIbHOCTU HE CYyHIECTBYET IIpe-

JeJia, TO IIOCJIeI0BaTC/JIbHOCTL HA3bIBACTCHA paca:o&mu,eﬁc.ﬂ.

OrMeTnM, 9TO U3 PACXOAUMOCTH JAEHCTBUTEILHON MM MHUMON 4acTh
CJeIyeT PacXOAUMOCTb BCEH MOCIIeTOBATEIILHOCTH.

IIpumep 27. Hatimu npedea nocaedosamesbHocmu:

3—n+,n+1
7 .
n 2n+3

Zn —

Pewenue. IeficrBuTenbHast 1 MHUMAas YaCTH MOCIEI0BATETHHOCTH

Zn PaBHDBI
3—n n+1

Tn = n yn:2n+3-
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3. IIOCJIEAOBATEJ/IbHOCTU

Haiiném mpenensl aeiicTBUTEIBHON M MHUMBIX YacTeil 110 OTIeIbHOCTH:

1+1 1

5 1— -1 —
Tp = — — — = .
" n T +3 72
n
1 3
3/1eCch MBI HCITOJIB30BaIM TOT GakT, 9to — — 0 u — — 0 npu n — oo.
n n

Nnmeem

lim z,=—-1 =u lim y, =
n—oo n—oo

N |

B urore, lim z, = -1+ z% A
n—oo

IIpumep 28. Ilokazamsv, wmo nocaedosamesvrocmsy z, = (1 + )"
PACTodumcA.

Pewenue. 3anumem qucyio 1 + ¢ B TPUTOHOMETPUIECKOM (bopMeH:
m m
1+i= ﬁ(cosz +isinz).

Ucnonb3ys dpopmyity BO3BeIeHUsT B CTEIEHDb B TPUTOHOMETPUIECKOM

dopme , IMeeM
nm

2= (140" = (V2)"(cos %” +isin ).

Toc/te0BaTeILHOCTD AEHCTBUTEIBHLIX YacTeil T, = (v/2)" cos o pac-
xomures (T. K. (V2)" — 00, a BeuumHa cos T orpaHuvueHa 1pu
n — 00). CiieioBaTe/IbHO, UCXOIHASI [TOCIEI0OBATEILHOCTD 2, PACXO-
JATCSA. A

CaoiicTBa npejesa

TTpuBeIém HEeKOTOPBIE CBOMCTBA Mpesiena nocieaoBaTembaocTa )] Pac-
CMOTPUM JIBE CXOJISIIIUECS IIOCJIC/I0BATEIBHOCTH {2y } 1 {wp, }:

lim z, =a, lim w, =>.
n—oo n—oo

Brimostasiorest cieyronine cBoiCTBa:

8CwM. mpumep [14.
“Bounee nopobno cum. paborsr [64(819)].
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3. IIOCJIEAOBATEJ/IbHOCTU

1) lim (2, +wy) = a+b;

n—oo

2) nh_}ngo(zn “wp) =a-b;

3) ectmb#0, To lim Z2 = &,
) 7& ’ n—oo Wn b

Kpumepui Kowu: 1jig TOro 9To0bl 10CIe10BaTeIbHOCTD
{zn} cxommnach, HEOOXOMMO U JIOCTATOYHO, ITOOBI JIJIsl JIFO-
6oro ¢ > 0 cymecrsoBas Takoit Homep N = N (g), 4T00bI
ang Bcex n > N mw m > N BBIIOJHAJIOCHh HEPABEHCTBO
|zn — 2m| < €.

Brruuncinenue nmpeaesioB MocJjeoBaTeIbHOCTEN

[Ipeamonozxum, Tpebyercs: JoKa3aTh (HEIOCPEACTBEHHO 10 OIIpeIesie-
HHUIO), YTO IOCJIEJOBATE/IBHOCTD {2, } CXOAUTCSA K @, T. e. lim z, = a.
n—oo

OOBITHO TIOCTYTAIOT CJIEIYIONAM 0OPA3OM:
1) oueHMBAIOT MOJIYJIb PA3HOCTHU |z, — al:
|20 — a| < E(n),
TaKMM 00pa30M, 9T00bI ducao F(n) 3aBHCEIO TOJIBKO OT 1,

2) ecim ymaércst nomobpars orenky E(n) rak, uro E(n) yObBaer
J1o Hynst ¢ poctom n (E(n) N\, 0 mpu n — 00), T0o st 106010
e > 0 maxojgr rakoii Homep N, uro F(n) < e. U, cienosaresbHo,
|z —a] < E(n) <e.
(=D~

IIpumep 29. Ilycmov z, = 1 +i~—~—. Joxazamv, wmo lim z, = 1.
n—o0

Pewenue. 1) Nneewm |z, — 1| = |z#| = L. Takum o6pasom,

S|

|20 — 1] <
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3. IIOCJIEAOBATEJ/IbHOCTU

2) Ucnoabzyem % N\ 0 ipu n — oco. st npousBosibHOTO (MaJoro) € >
0 Haiigércs HarypasbHoe dnciao N, Takoe, 94To % < € (mampumep,
N = E], rje [] — menas wacrs uncna). Coenosarenbho, = < & st
Jo0bIX . > N.
B wurore, mbr okazanu: mist groboro € > 0 Haimércst Homep N =

N (e) Takoit, uro mjist Becex n > N BBINOIHEHO |z, — 1| < €. CienoBa-

TenapHo, lim z, = 1. A
n—oo
. 3n+1
IIpumep 30. Hatimu npeden nocaedosamesvHocmu z, = o
n—i
Pewenue. Pasnennm duciauresb U 3HaMeHATEIb Ha N
3n+i 3+
2n—i 2-— i
n
Tak kak - — 0 pu 7 — 00, MOJTYIUM nlglolo Zp = % A

;™
ITpumep 31. Ilycmo z, = e'». H306pasums nociedosamesvHocmy
HA KOMNAEKCHOT NAOCKOCTIU U HATMU Npeden.

Pewenue. Haiiiém HECKOTBKO TEPBBIX WIEHOB IOCJIEI0BATEILHOCTH:

[N
—_
I
g
S
3
|
|
—
W
N
|
Q)
.
NIE]
I
.

ol

N |

us ™ ..
z3 =e€'3 :COS§+’LSID

~.

T

™ ..
COS — + 7 8SIn +

4

m
3
s
4

[

N
N
I
9]
ENE]
I

i m ..
Zp = € n = COS — + 181N —.
n n

Nz06pasum mocsie1oBaTe/IbHOCTD 2, HA KOMILIEKCHON IIJIOCKOCTH. 3a-
METHM, 9TO BCE UJIEHBI TOCIETOBATETLHOCTH JIEYKAT HA €TMHUIHON

OKPY2KHOCTH (pHC. .
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3. IIOCJIEAOBATEJ/IbHOCTU

Z3
24

21

s
Puc. 21. ITocnenoparenbHoCTD 2, = €'n

Teneps HaligéM mpeesr. 3aluiieM IeHCTBUTEIbHYI0 U MHUMYIO
9aCTU TOCJIEIOBATETHHOCTH:

T .
Rez, =cos—, Imz, =sin—.
n n
Haitném npemensr Re 2, u Im z,, o oTaenpHOCTH
. T ) .
lim cos— =1, lim sin— =0.

n—o00 n n—o0 n

Takum obpazom,
lim z, =1+410,

n—oo
YTO BIIOJIHE COIJIaCyeTCsd C PpUC. A
3amaun K riiase 3
52. Ilyctb
9 7i 5% 13
21 =21, Z=-—, 23=—, 2= —.
1 ) 2 3 ) 3 9 4 5

10Ha caMOM JieJie, 9TO puc. corjiacyercss ¢ OTBETOM. Cawm 1o cebe PUCYHOK HE
ABJIAETCA JOKA3aTEeJIbCTBOM, & TOJBKO MOXKET HATOJIKHYTH Ha HEKOTOPBIC UJICU.
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3. IIOCJIEAOBATEJ/IbHOCTU

Haiitu BbIpaskenue st z,. [

53. 3amnucarb HECKOILKO IIE€PBbLIX YJICHOB ITIOCJIEA0BATEJIBHOCTU 2y =

(1 +1¢)"™ u n306pa3uTh X HA KOMILIEKCHOI IJIOCKOCTH. |l
o _ 3n—1 n+1,

54. HaiiTu npenen mocjie10BaTeIbHOCTH 2, = g2 T o1t mpun — oo,

[
55. Haittu mpenen mociemoBaTeIbHOCTH

(="
Zn=—2+1— pu n — 00.
n

L3

56. Haittu mpemen mociemoBaTeIbHOCTH

) 1
L= Yrtilnt ) e
n

L3

57. Haiitu cireyromue mpeiesib:

)l n*+n 5) n+in*
a ngFOIOS—i—Z???’ nggo n2+1"’
L R S

L3

s .
58. M300pa3uTh MOCIEI0BATEBHOCTD 2, = t€'n Ha KOMILJIEKCHOMN ILIOC-
KOCTH W HaWTH mpejen lim zy,.
n—oo

59. Haittu mpeen mocieaoBaTeIbHOCTH

Zn = l cos (n—ﬂ) + 2sin (nl>
" n 3 3

mpu n — oo, [
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3. IIOCJIEAOBATEJ/IbHOCTU

TepMmunbl K Ty1aBE 3

[TocnémoBaTesbHOCTD THiCeT 21,29,y Bny .- HOFESENE

7 \ Q:I:’ ’
npesén MOoCIéIoBaTETHLHOCTHI lim » }%ﬁ Y 3E B2 1 ) FR
grices n—soo " >
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4. PSIIBI

4. Panbi

B sTo0ii ritaBe BBO/JIUTCA ITOHATHUE PAZla 1 HEKOTOPBIE CBOIiCTBa E

[TycTs 3a/1aHa TOCIEI0BATEILHOCTD (KOMILIEKCHBIX ) THCEJT
{an}. PopmanbHas cymma ag +ag+- - -+ a,+- -+ Ha3bIBAETCS
YUCJIOBBIM PAJOM U 0003HATAETCS

> an. (39)
n=1

Cymma HazbiBaeTcss (OPMATLHOMN, MTOCKOIBKY HEM3BECTHO 3apaHee,
MOZKHO JIX BBIIOJIHUTD CJIO?KEHHE JIJId 38/ JaHHON I10CJI€/I0BATEIbHOCTH.

Tak, cymma psiza
e}

Y n=1+2+43+--

n=1
paBHA OECKOHEYHOCTH, & JJIs Paa

[e.9]

DD =-1+1-1+--

n=1

cyMMa He omnpeneseHa Boce. C JIpyroil CTOPOHBI, BO MHOTHX CJIy-
Jasgx CYMMY Psa IIOCUUTATb MOXKHO. [IpumMepaMu MOTyT CJIyKUTD
CJIETYTOIITNE PSIJIbI:

SL Ll o w
2 4 8 16 32 -

n=1
fi%qwﬂ P S S S S

m—-1 375 779 11 T
n=1
S 2

1 1 1 1 1 1 T

— =1l =4+ =4+ 4+ —F = 4= — 41
Z;nQ Tt tptate " 6’ (41)

"Tlonpobueit . [2,/619].
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4. PSIIBI

0 1
(—1)"* 1 1 1 1 1
A -S4 S 4D 4..=In2 (42
Z n 2 + 3 4 * 5 6 + (42)
n=1
Jlajiee MbI IpUBEIEM CTPOroe ompejeseHne cyMMbl psijta. Ompe-
JIEJIUM  [IOCJIEJIOBATEIBHOCTD HACTNUYHBLL cYymMm {s,} paga . ay,

CJIe Iy IONTUM 00Pa3oM:
§1 = aiy,

S = a1 + ag,
s3 = a1 + az + as, (43)

Sp,=a1+ag+ -+ ap.
Ecau cymecTByeT KOHEYHBII Ipe/Ies MOCIe0BATETLHOCTHI

YaCTUYHBIX CyMM lim s, = S u |S| < 0o, TO roBOpST, YTO
n—oo

psijt Y 4y, CTodumces U CyMMa psijia paBHa S:

i a, = S.
n=1

Emn upenena yacTudHbIX CyMM He CYIIECTBYET MJIM PaBEeH OECKO-
HEYHOCTH, TO TOBOPST, YTO psiJi pacxrodumcs. Hanpumep, s psa

o0
1 11 1 1 1
R | T 44
doo=ldg gttt (44)
n=1
peje/ 9aCTUIHBIX CYMM paBeH OECKOHETHOCTH |E| CeroBaTEIBHO,
9TOT PAI PACXOJUTCH.

2Pan (44]) maspiBaeTCs rapMOHIYECKHUM.
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4. PSIIBI

3amMerum, 9TO PsijL

1
2
n=1

cxomuTed npu o > 1 1 pacxoaured npr o < 1.
Ilpumep 32. Ilposepums, crodumcs au psd

n(n+1)

NE

Il
R

n

Pewenue. 3amuimeM 9acTHIHBIE CyMMBIL:

i
51_57
275 937 3"
L S P
BT T334 4
A 4
sS4 == =1
1T 993734 " 4.5 57
n
Sy == ce e — 2
" n+1

Hanee mmeem lim 757 = 4. Takum 06pa3om, MBI TTOKa3asm, 9TO PAJ
n—oo Mt

CXOJIUTCS, M HAILJIA CYMMY psJia:

P
—n(n+1)
A

Kak u B ciyvae mociemoBaTelbHOCTEN, P MOXKHO PAa3AeIUTh HA
JENCTBUTEIBbHYIO U MHUMYIO YaCTH:

S ) 00
g ap = E Tp + 10 § Yn,
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4. PSIIBI

e £, = Reay, y, = Ima,. Beimosiaeno ciemytomee cBoiicTBo: psad
crodumes moada u MoAvKko moeada, k0206 crodamcs pads. deticmeu-
meavHoiT U MHuMbE wacmed. [puaém ecom Y an, = S, > xp = Sy,
Y Yn =Sy, 10 S =S, +iS,. C Apyroit CTOPOHBI, €CIN OAUH U3 IABYX
YKa3aHHBIX PSJIOB PACXOUTCA, TO PACXOIUTCA W UCXOIHBIN PAI.

ITpumep 33. Hatmu cymmy pada

(e 9]

5 .
n=1 n
Pewenue. meem
o0 . o0 o
1+ (=1)" 1 . (=)
> — 2 >, et > -
n=1 n=1 n=1

Taxum 06pa3zoM, MbI PA3JIOKUIA UCXOIHBIN s/l HA IBA YK€ N3BETHBIX

psga (cMm. u Ha CTP. . B urore psj cxomured, u

0 .
L+ (1) 2
E le—l—ilnz
n 6
n=1

Ilpumep 34. Iloxazams, wmo pad

(D)4
o

PaAcToOUMCs.

Pewenue. Pazmenum psig Ha JefICTBUTENIBHYIO U MHUMYIO YaCTH:

00 _1)n+‘ 0o _1) 'oo 1
>y By
n=1 n=1 n=1

” " o -1"
Psiz1 cocraBiieHHbIi u3 geficTBATEIbHBIX qacTeil exomurest (Y o ( n)
In 2). Psiy1, cocraBiieHHBINH U3 MHUMBIX YacTeii, siBJISeTCs TapMOHUYe-
CKHUM H, KaK MBI 3HaeM, pacxoaurcsd. CrenoBaTeIbHO, HCXOTHBIN Pl

PaCXoauTCs. A
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4. PSIIBI

Heobxodumwili npudnakx cxodumocmu: eciu psaj » | Gy,
CXOJIUTCH, TO

lim a, = 0.

n—o0
Tak, psa u3 npumepa CXOIUTCS, U Gy, = m — 0. Ormerum,
4TO HEOOXOIMMBIA IIPU3HAK HPUMEHSIETCS I J0KA3aTeIbCTBA PACXO-

auMocTd pana. Hampumep, pacxoaIuMocThb paaoB

o0 o
dn=14243+- u Y (-)"=-1+1-1+:-
n=1 n=1

MOZKHO TIOKa3aTh, UCIIOJIB3Ys STOT MpU3HaAK. JlelicTBUTEeIbHO, TToce-
JIOBATEIHLHOCTH YJIEHOB psijia 4, = N U a, = (—1)" He crpemsiTcs K
HYJIIO, W, CJEJOBATEJBHO, 110 HEOOXOJMMOMY HPU3HAKY CXOIUMOCTHU
JaHHBIE PsIJIbI CXOJIUTHCSI HE MOTYT.

Cremyer obpaTuTh BHUMAaHUE, UTO BBIINOJHEHHE HEOOXOIUMOIO
Ipu3HaKa He BJeYET cxomumocTu. Hampumep, i psaia nMe-
eM ap = % — 0 mpu n — 0o, HO P, PACXOAUTCS.

IIpumep 35. Illoxazamv, wmo psd

o0
>
n+1
n=1
PACTOOUMCA.
Pewenue. Vnmeem n
lim =140,
n—oo n + 1
CaemoBaTesibHO, B CUJIYy HEOOXOAMMOIO IMPU3HAKA CXOIUMOCTH PSIJI,
n
> 7 pacxonuTed. A

4.1. TeomerpudeckKasi mporpeccus

leomeTpudeckoit mporpeccueil Ha3bIBAETCSI TOCTAETOBATEIHLHOCTD,
KOTOpasi CTPOUTCs cieayronuM obpasom. Ilycrs mamel b u ¢ — aBa
KOMILIEKCHBIX gucya. OuperesmM I0C/IeI0BaTe IbHOCTD:

ai=b u ap=a-¢"" amn=23,...,
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4. PSIIBI

b, bg, bg*, bg®, bg,

Yucno g Ha3wpIBaeTCsI 3HaMeHamenem npozpeccuu. Ecan nana reo-
MeTpudecKasi mporpeccust {ay,}, To uncaa b u ¢ MOXKHO HalTH U3
CJAEYIOIINX COOTHOIIIEHUIA:

_ OGp41 h—
7= ’ o gn—1
Qn, q

IIpumep 36. Jlana 2eomempuueckan npoepeccus.:
i, —241, —4-—3i, 2-—11s,

Hatimu snamenamens npozpeccuts q U svipaxicerue dai 06ue2o 4ieHa
NPoePeccus Gy, .

Pewenue. Haiiném 3naMeHaTe b NIPOrPECCUU U3 COOTHOIIICHUS
az.
2:

q= g7

—24i _ (=241)-(=i) _ 142

= =14 2:.
i i-(—1) 1 e

q:

Jutst 1r0601 reoMeTpUYIecKOoil TPOrpeccuy OOIIHUI UJIeH BBIPAXKaeTCsI B
BUJE ap = a1¢" ', B HameM ciaydae a; =i n

an =i-(1+2)" L

4.1.1. YacTtmyHasg cymMMa reoOMeTpPUYECKOUl ITporpeccuu

[Mycte {ay}, a, € C — reomerpudeckas nporpeccust. Ecin 3namena-
TeJIb IIporpeccuu ¢ # 1, To CyMMYy 1 IEPBBIX YJIEHOB MOXKHO BBIUUC/TATH
1o dopmyite

1—4q"

Sp=a1t+ax+---+ap, =ai .
l—q
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4. PSIIBI

Eciu ¢ = 1, 1o nocsenosarenbaocts umeer Bu b, b, b, ... (1. e. ap, = b),
B 9TOM CJIydae YaCTUIHASA CyMMa Sp, = n-b. 3amerum, urto ecsu a; = 0,
10 8, = 0. [Hasee 6ynem caurarh, aro ai # 0.

Ormerum BaxKHBIN YacTHBIN ciay4ail, korga a; = 1. Torma gopmysa
YACTUYHOT CYMMBL 2e0MEMPUTECKol npozpeccul, IMeeT BUL

1—qg"
1—q°
IIpumep 37. Hadmu “acmuunyio cymmy S, 2€0MEMpu4eckots npo-
epeccun a, = (1414) - 271,

sn=l4q+@+@++q¢" = (45)

Pewenue. Nmeem a; = 141 u 3aamenaTess nporpeccun g = 2. Torna
110 popMyJie YaCTUIHON CyMMBI T€OMETPUIECKONH TPOrPECCUn
n

sp=(1+1) - T3

= (144 (2" 1).
A

ITpumep 38. Hatlimu “acmuuhyto cymmy S, 260MEMPUHECKOT, Npo-
epeccun, an = (%)™ u svvucaums npeden lim s,.
n—oo

Pewenue. Nneem a3 = 1 n g = 5. Torga no dbopmyne sacTuaHol
CYMMBbI T€OMETPHUYECCKOIN TTPOTPECCUH

i\n
_1-(5)
Sp = ————.

1_ &

2

Haiiném mpesesr 9aCTUIHBIX CYMM:

g mdm@ o 2 g
lim s, = lim — = :

n—00 n—o00 1_% 1_% _1_% - 5

ITpumep 39. Hatmu svipasicerue 0Af HACMUYHBT CYMM PAIG

(1) =-1+41-1+1-1---

n=1
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4. PSIIBI

Pewenue. IlocnenoBarenbHocts an, = (—1)" sBisieTcss reomMerpu-

4eckoii nporpeccueii: a; = —1 u ¢ = —1. Torga o dbopmyste mst
GACTHYIHBIX CYMM HMEeM
1—(—-1)" 0, ecimm n — 4éTHOE;
sn = (1) = ..
1+1 1, ecim n — mHewdTHOE.

A

14
IIpumep 40. Ilycmov z = \j—;. Boucaums 14 z 4+ 22 4+ ...+ 220,

Pewenue. Bocrosbsyemest hoOpMysioit 9acTUIHON CyMMbI N€OMeTPH-

vyeckoii mporpeccuu ({45]):

1_221

1—|—z—|—...220— .
1—2z

in
SaMeTI/HVI, 49TO B JAaHHOM CJjIy4dae z — € 4 , 9TO IIO3BOJIUT BbIYUC/INTH

221 NmeeMB)

s i

:65m+4 :€S7rze4 — _e1,

Hautee

1-22 14 1+0F Va414i

-z 1-¢f 1-3 Va-1-i
(V2+1+44)-(V2-1+i)  V2i
(V2—1—i)-(V2—1+4i) 2-v2

W:(l+\/§)i.

3HamomuuwM, uro 7™ = —1.
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4. PSIIBI

4.1.2. CymMa reoMeTpUYeCcKOii Mporpeccuun

PaCCMOTpI/IM PAa, dJIEMEHTaMU KOTOPOTI'O fABJIAIOTCA YJIEHBI I'eOMeT-
pUYeCKOil mporpeccuu, T. €.

o
g an, THE ai=bua,=a; q¢" ', (46)
n=1
u ipu 3ToM b, q, a,, € C. VI3BecTHBI YaCTUYIHBIE CYMMBI 9TOTO PsIIa
1—q"
sn:alli u S,=mn-b, ectm q=1.
—q

anee uccieyem Borpoc o cxoaumoctu psija (46)). Samernm, aro

lim a, = lim a;1¢" ' =a; lim ¢" .
n—oo n—oo n—oo

[Tostomy lim a, = 0 Toabko ecu |g| < lﬁ CiemoBaTesibHO, TIPU
n—0o0

lg| = 1 psiz (46]) pacxomurest B cuity HEOOXOAMMOTO MTPU3HAKA CXOIUMO-
cru. C apyroii ctopossl, pu |g| < 1 mocsienoBaTebHOCTb YaCTUUHBIX
cyMmM psizia (46)) mMeer KOHEUHBIN mMpeiet:

_on 1— lim ¢"
. . n—00 ay
lim s, = lim a1——— = = .
n—00 n—00 1— q 1— q 1— q

Taxum obpaszom, npu |g| < 1 psiz CXOINTCS U

> a s a
E P—— wim E arg" = (47)
n=1 n=1

1—g¢q 1—g¢q

Takum 06pPasOM, MBI MOJYIUIA HOPMYAY CYMMbBL OECKOHEUHOUT 2€0-
mempueckol npoepeccuu. B qactHocTH,

- 1
§:¢:4+q+f+~-:fja (48)
n=0

Bamerum, uro B dpopmyiie ({U8]) cymmupoBaHmne HaAUMHAECTCS C HYJIS, &
HE C eJUHUIIBL.

"Hamommmm, wto lim 2™ = 0 Tosbko mpn 2| < 1.
n— oo
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4. PSIIBI

IIpumep 41. HUccaedosams cxodumocmod pada u HATMU €20 CYMMY:

(o] .

1 7
Z gn—1 + 3n71 :
n=1
Pewenue. Psaj CXOJINTCA, TaK KaK €ro JICHCTBUTEIbHAA U MHUMAS
9JacCTU ABJIAIOTCA I'€OMETPUYCCKUMU IIPOrPECCUsIMU CO 3HaMEHATEJIsIMUA
1 1
5 U 3 COOTBETCTBEHHO. C IIOMOIIBIO (bopMy,HbI 1' BBIYUCJIUM CYyMMY
pdana:

> 1 i =1 =1
Z (2111 + 3n1) = Z anl +ZZ:1 3n71 =
n=
1

n=1 n=1

! 2.3
1 = —1.
1-1/2 " '1-1/3 2

A

IIpumep 42. Buuuciumvd cymmo, CAOYowur pados:

o o0
E r™ cosnyp, E r’ sin ny,
n=1 n=1

npu yeaosuu, wmo 0 < r < 1.

Pewenue. Ilycrs z = re'¥. Torna |z| = r < 1 n no dopmyiie cymmbl
6ecKOHeTHOIT TeoMeTpuaecKoil mporpeccun (7)) mveem

> n z rei®

E z2t = = —.
1—2z 1—¢

n=1 ®

Ucnonw3yst hopmyiny Ditaepa U IIPOBO/IsI COOTBETCTBYIOIIUE IIpe-
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4. PSIIBI

oOpa3oBaHus, Oy IUM

rei¥ r(cos ¢ + isinp)

1—elp 1 —TCoSp — irsing -
r(cos ¢ + isin ) I —rcosp+irsing

1—rcosg —irsing 1—rcosg+irsing

2 2

7 cos p — 12 cos? i + ir? cos psin o + irsin p — ir
(1 —rcosp)?+ (rsingp)?

rcos — r? cos? p — r?

2

cos psiny — r“sinp

sin? o + 7 sin ¢

1 —2rcosp + 12 cos? o + r2sin? o

rcosg —r? 4 irsing

1 —2rcosp + 12

C apyroit croponsl, pumMensist ¢popmyiny MyaBpa u Bblesisis J1efiCTBU-
TeJIbHYI0O I MHUMYIO 9aCTU, UMEEM

o0

oo o0 oo
Z(rew)" = Z " (cos np+isinng) = Z " cos np+i Z r" sin ne.
n=1 n=1

n=1 n=1
B urore BuiBOIMM

2

(0.9)
P cos g = T CBP T
nz_l 1—2rcosp+r?’

o0

Zr” sinny = rsin g :
1—2rcose +r?

n=1
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4. PSIIBI

4.2. AOGCOJIOTHO CXOOAIINECS PAIbI

o0
ToBopsiT, uTo psijy Y. a, crodumcs abcoatomHo, eciu
n=1
o
CXOIUTCST APYTOH psijt Y . |an|, cocraBienuslii u3 Moyseil

n=
YJIEHOB HCXOJ/JIHOI'O DPsia.

o0 .
IIpumep 43. Ilposepumv, wmo pad > (%)n cxodumecs abcorommo.
n=1

Pewenue. Utobbl mccienoBaTh psifi Ha abCOJIOTHYIO CXOINMOCTb,
3aIUIIEM BbIPAXKEHUsT JJIsT MOIYJIEH YJIEHOB PsIIA:

A"l _|i|" N\N" 1
|a’l’L| = —_ = | = = —_ = —.
2 2 2 AL

00
Mu1 YXKe 3HaeM, 9TO DAL Z 2% CXOJIUTCA 1 €10 CyMMa paBHa €IMHUIE

n=1
(3TO reoMeTpuUecKasi IPOTPECCUst ¢ a] = % uq= %) CireoBaTeIbHO,
HMCXOMHBIN PsIfl CXOAUTCS aDCOTIOTHO. A

OTMeTnM BakKHOE CBOMCTBO: ecau pad cxodumcs abcoaommo, mo
on crodumcs (6 obviunom cmoicae). Tak, psij U3 nmpuMepa CX0-
JIUTCA HE TOJILKO abCOJIIOTHO, HO U B OOBIYHOM CMBICJIE El pyrumu
CJIOBAMM, €CJIU MbI CYMeJIN JOKa3aTh abCOTIOTHYIO CXOIUMOCTD PsIIa,
TO CXOAUMOCTH B OOBIYHOM CMBICJIE OYIeT CJIeJ0BATh aBTOMATHIECKHU.

OHako U3 CXOAUMOCTHU Psijia, HE CJIELyeT ero abCOJIIOTHAsT CXOIU-

(o @]
(="
MocTh. Hampumep, psin 21 ~—— cxomutcst. Ho aToT psaj He aB/stercs
n—=
abCOJIIOTHO CXOISAIIUMCS, TIOCKOJIBKY PAJl, COCTABICHHBIN U3 MOJLYyJIei
oo
> %, pacxonuTcst. Eciin psji cxouTces, HO He siBJiseTcs abCoJIIOTHO
n=1
CXOJISIIUMCSI, TO TOBOPAT, 9TO Psif, cxodumcs ycaoero. Hanpumep,

o (~1)"
pan Z *—,— CXOIHUTCH YyCJIOBHO.
n=1

15310 reomerpuUeckas IPOrpeccust ¢ a; = sUq=3.
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ITpumep 44. Iloxazams, wmo psd

2 (3 + 44)"
Z 5nn2
n=1

crodumcs.

Pewenue. Nccaemyem psm Ha abCOTIOTHYIO CXOTUMOCTD:

lan| = (34 4i)™ o1 |3 + 4i|"” L (V9 +16)" 1
" mrp2 | 5n n? - 5n n2 - n?’

1 2
[ockombKy psast ) -5 CXOAUTCHA (€ro cymMMa paBHA ‘g ), TO MCXOJI-
HBI psijt cXoauTesi abCOTIOTHO. A M3 abCOTIOTHON CXOJMMOCTH Psijia

X (34+4i)"
Y. “Ei,z— HOJYHYaeM, 9TO OH CXOJHUTCS (B OOBITHOM CMBICTIE). A
n=1

JlaHubIil puMep JIEMOHCTPUPYET, YTO UHOIJIA ObIBaeT yio0Hee poBe-
pATH abCOJIIOTHYIO CXOJIMMOCTh BMECTO «OOBIYHOI».

I/ICCJ'Ie,D;OBaHI/Ie pAOO0B Ha aGCOJ’IIOTHyIO CXOAUMOCTDb

YT006bI UCCIIE0BATD PSJL Y | Ay, HA ABCOTIOTHYIO CXOUMOCTD, HY?KHO
UCCJIEIOBATH CXOJUMOCTD psijia » | |ay|. Obosnauum «,, = |ay,|, Torma
oy, = 0 u s psia

Zan:a1+a2—i—~~ (49)
n=1

IIPUMEHHUMBI IPU3HAKN CXOJANMOCTHU 3HAKOIIOCTOAHHBIX PATOB. HpI/IBe—
,ZLél\l OCHOBHBI€ U3 9TUX IIPU3HAKOB.

1. ITpusnax cpasunenus. Ilycrs Y 3, — apyroii psij| ¢ HeoTpHIA-
TEeJAbHBIMU YjIeHaMU. FCin BBIIOJIHEHO HEpaBeHCTBO

an < Bn,

TO U3 CXOIUMOCTH psifia » | By ciefyer cxoauMocTb psga (49), u3
pacxozumoctu psiza (49)) caexyer pacxomumocts psina Y | fy,.
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2. Ilpusnax lasrambepa. Ecou o, > 0 u

. On+1
lim 1 —

)
n—0o Qi

TO ipn p < 1 CXOJInTCH, a mpu p > 1 pacxoanTces.
3. IIpusnax Kowwu. Fcim a,, > 0
Jim, =,
TO ipu p < 1 CXOJnuTCd, a pu p > 1 pacxoanuTcs.

Ilpumep 45. Hccaedosamv pad

n=1

HA ABCOAOMMHYIO CTOOUMOCTD.

Pewenue. Nnveem |a,| = ’% = gr. Taxum obpasom, Tpebyercs
HICC/ICJIOBATH CXOMUMOCTD PAJIA ), iy = ), ;. Bocmosb3yemcs npusna-
koM Jamambepa. st 9TOT0 HalEM OTHOIIEHNE JBYX IOCJIEIYIONINX

YJIEHOB )
Ony1 ot _(n+1)-2"  n+1

O o n - 2ntl n-2
U BBIYUCJIUM IPEJIEs
. Op4l .o n+1 1
lim = lim =—.
n—oo Qi n—oo M -2 2
Takum obpazoMm, p = % < 1, m, 3HA4UT, PAx ) 55 cxoauTcd (10

npusnaky Jdanambepa). Orcrona ciemgyer abCOJMIOTHAS CXOIAUMOCTH
UCXOJTHOTO Psjia » | # A

IIpumep 46. Hccaedosams cxodumocms pada
yo L
n=1
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Pewenue. TlpoBepum abCOMIOTHYIO CXOAUMOCTE. it 9TOr0O HaltIéM
MOJIYJIM 9JIEHOB Psijia:

S B o o 2 I S G § Y S NS SR e
= | Tl T nt T n2T opt
Takum obpasowm, |a,| = 7”;5”2 1 BEPHO CJeIyloIee HepaBeHCTBO:
vi4n?2 n 1
lanl = —5—>5="1"
n n n

Ho psizg > % PACXOUTCsI, U, CJIEJOBATEILHO, TI0 IPU3HAKY CPABHEHUS
—1)"ni

1
(em. c. ’ psizg Y |an| TakzKe pacxoguTces. SHAYUT, P Y an
He sIBJIsieTCs abCOMIOTHO cxoasimuMcs. TeM He MeHee, Kak Mbl 3HAEM 13

npuMepa |33., aToT pax cxomuTcs. TakuM oOpa30oM, MBI UCCJIEIOBATII

CXOJIUMOCTD DS Y D)

) 1 IIOKa3aJId, 9TO OH CXOAUTCHA YCJIOBHO.
n

A

Ilpumep 47. Hccaedosams cxodumocmo pada

S

n! _ n!
(m)n| =1 WcenenyeM CXOmUMOCTD

n)n .
Psla, COCTABJICHHOIO U3 MOJYyJIei

Pewerue. Nnmeem |a,| = |

[ee] o0

Sla =3 2
=3

n=1 n=1 (n)n

Iltst 5TOrO BOCIOIB3yeMcs mpu3nakoM Jlasrambepa:

lany1|  (n+1)1 " n' 1

N N (R N

3amerum, 9T0o lim — ¢! mostomy lim lentil — 1 o7 4
’ n—00 (14_%)” ’ y n—soo lan] e o
CJIEIOBATENILHO, PsiJl CXOINTCST aDCOFOTHO. A
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4. PSIIBI

4.3. Ilpusnaku dupuxiie u AGeiisi CXOUMOCTHU PSIOB

PaccMOTprM psaanl CIeoyIOMEero BIUIA
[e.¢]
Zanbn, roe a, € R, b, € C.
n=0

Umeror MecTo ciieayromue Mpu3HAKU CXOIUMOCTH.

o0
ITpusnax dupuxae. Psi Y a,b, cxomures, eciau mociie-
n=0
JIOBATEILHOCTD {d;,} MOHOTOHHO CTPEMHTCS K HYJIIO IIPU
o0
n — 00, & HOCIE0BATEILHOCTD YACTHIHBIX CyMM DPsiia » | by,
orpaHudena, T. €. Haiifaércsa duciao M Takoe, 9TO JjIst n}%:6(())ro

N
> bl < M.

n=0

N € N BepnHO

Ilpumep 48. Hccaedosams cxodumocms pada
f eien
n=1 n

Pewenue. O6o3ua9uM a, = L+ u b, = ™. TlocaenoBaTeLHOCTD
n n n

Ap = % MOHOTOHHO CTPEMUTCA K HYJIIO. ,D;JISI 11ocjie 10BaTeJIbHOCTHU

oo
YACTHYHBIX CYMM psifia » . b, nmeem
n=0

N i(N+1)0 i0
e =
e — 1
n=1

9TO BbIpaXKeHne orpanuveHo npu 6 # 2wk, k € Z. Takum obpazom,
nupu 0 # 2wk psin cxomurest B cuity npusHaka Hupuxie. [lpu 0 = 27k

pH,IL HpI/IHI/IMaeT 1534918
400
>
n 9
n=1

U, CIeI0BaTEIbHO, PACXOINTCS. A
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4. PSIIBI

(o)
IIpusnax Abenas. Psan > apb, cxomures, ecau mocseo-
n=0

o0
BaTEJILHOCTD {Gyn} MOHOTOHHA M OrpaHmteHa, a psig . by

n=0
CXOJINTCH.

4.4. CreneHHble PAObI

IIpu nsyyennn dyHKIUNA KOMILIEKCHOI'O IIEPEMEHHOI'O BECbMa BazK-
HOe 3HaUeHHe MMeeT UX IPeJCTaBJIeHHe B BHJIE CyMMBI HEKOTODPOI'O
psljta y2Ke X0opoIo udydeHHbIx dynkimii. [TpocreitimM KiaccoM Taknx
GYHKIIMOHATIBHBIX PSIJIOB SABJISAIOTCS CMenenHvle PAJbL.

Urak, psij Buia
[e.e]
Z anz" (50)
n=0

Ha3bIBacTCA cmeneHHsvim pﬂdo.m .

3xech ay,as, ..., a0y, ... — GUKCUPOBAHHbIE KOMILICKCHBIC YUCIIA,
a z — KOMILJIEKCHOE IIePeMEHHOe

Psn CXOJINTCSI IPU OJHUX 3HAYCHUSAX Z U PACXOIUTCHA IIPU
npyrux. TouHO MOXKHO cKazaTh, uTo npu 2 = 0 ps CXOJATCS
(rak Kak »_, a,0" =0+ 0+ --- = 0). [Ipumepamu CTeleHHBIX PsIJIOB
MOTYT CJIy?KHTb CJICYIONIHAE PsiIbI

P 2’2 3
P R e T
=n 2 3
S E
n=1 n \/5 \/g ,

o0
5acTo cTemenLIM PAIOM HA3BIBAIOT DA BHAA Y. an(Z — 20)". B aTOM cirydae
n=0
pazx (50) nomygaercs myTém Heca0KHBIX peobpasosanuii. CreneHHO psig — 9TO
npocrefimuii mpuMmep (QYHKIUOHAIBHOTO psfa, T. €. Psifia, WICHAMH KOTOPOTO

o0
sBysiiorest pyHKIMA or z: . fn(2).
n=0
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4. PSIIBI

S 1l n L 9 L3
E nenz" =ez+2e2z°+3e3z° +--- .

n=1

CJIG,ZLYIOIHaH TeopeMa XapaKTepUu3yeT CXOAMMOCTDb CTECIIEHHOI'O pd/la.

Teopema Abeas. Eciu crenennoii psify » | a,z" cxomurcst
B TOUKEe 23, TO OH CXOIAWUTCSI B JIFOOOIT TOYKe 2z, TAKO#, UTO
|z| < |20l

Ecisin crenennoit psif Y ap 2" pacxoguTesi B TOUKE 21, TO
OH PaCXOJIUTCsS B JTIOO0I TOUKe 2, TaKOi, 4To |2| > |21].

Boustee Tounyo nadOpMAIIIO O TOM, TJie CXOJIUTCH CTEHEHHOHN psi,

HaeT

Dopmyaa Kowu—Adamapa. Ilycts

[ = lim {/|an|

n—o0

O6osnaunm R = % (ecsim | = 00, To R = 0; ecom [ = 0, TO
o0

R = 00). Torna creneHuoil psit Y apz" CXOmUTCst aOCOIIOTHO
n=1

B Kpyre |z| < R n pacxopurcst upu |z| > R

Yucno R HasbiBaeTcss paduycom cro0uMoCmu CTEIEHHOTO Psijia.
MmuozxkectBo {2z : |z| < R} HasbBaeTcs Kpy2om crodumocmu cTe-
IIEHHOTO psijia. BHYTpM Kpyra CXOMUMOCTH CTEIEeHHOMN Psili CXOITUTCS
abCOJIIOTHO, a BHE Kpyra — PacxXoauTcs. B ToOYKax rpaHUIbl Kpyra
CXOMMOCTH |z| = R psiji MOXKeT, KaK CXOJUTCS, TaK U PACXOJUTCS.
Ecim R = 0, To 9T0 03HaYaeT, 9TO CTEHEHHON PsI/T CXOMUTCA TOJIBKO

B onHOII Touke z = (.

Samerum, uro ¢opmysaa Komm—Agamapa He JaéT 0TBeTa, CXOIUTCS
JIM Psijl Ha TpaHuiie Kpyra cxogaumocru |z| = R. Ilosromy npu pererun
3aJ1a9 3TOT BOIPOC HYYKHO UCCJIET0BATH JTOTMOJTHATETHHO.

Ilpumep 49. Hatimu paduycoe. cxodumocmu psados:

o0 n.n oo
i"z
a) E , 0) E n"z".
" n=1
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4. PSIIBI

Pewenue. a) Nmeem

— " . 1
lim —| = lim =1.
n— 00 n n—o00 {L/ﬁ
Pajgnyc cxomumoctn R = 1.
6) lim ¥/|n"| = lim n = oco. Paguyc cxo octu R = 0. A
) Jim Y/ |nn| Jim JINYC CXOIMMOCTH

Ilpumep 50. Hccaedosamv cxodumocmos cmenenno2o paoda
o

Pewenue. 1. Haiigém paauyc cxomumoctu. Umeenm lim || = 1,
n—0' vVn?

n

(51)

S‘N

paauyc cxomumoct R = 1. Orcrona 1o dopmyse Konm—Anamapa psiz

cxopurest (abeostoTHo) npu |z| < 1, a pacxogurest upu |z| > 1.
2. Mceneyem cxouMOCTh Ha TPAHUIE KPYTa CXOJUMOCTH, T. €. IPH

|z] = 1. Ecm |2| = 1, To 2z = €%, u pax Ha TpaHHIEe KPyra

CXOIMMOCTH IMEET BUJ,
© et

> (52)

n=1

[IpoBepuM abCOIOTHYIO CXOINMOCTD PSIIa . C yuérom nMeeM

oo ; oo

3 eine L 1
72 pu— 2 pr— —_—.
n n

n=1 n=1 6

[Monyaaem, aro psig (52)) cxomurcest abeomorHo npu Beex . CienoBa-
TesibHO, psijt (B1)) cxomuTest aOCOIOTHO Ha IPAHUIE KPyra CXOMMOCTH.
B wurore psz (51) cxomures abeomorHo mpu |z| < 1. A

3agauu K riase 4

[e.°]
60. Cxomurcst jm psizg (1 +4)" 7
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4. PSIIBI

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

e 2
JokasaTh 4TO Pl Y 535 PACXOAUTCS. |l
n=1

Haiitn 9acTudHbIE CYMMBI S;, T€OMETPUYECKON IIPOrPECCUU U BbI-
YUCAUTD Ipeaesa lim s, = s, Tae a; = zi uq= 2i I 2
n—00 v 4

Boruncantb i + 2 4+ 3 + -+« 4359 [
Jlana reoMeTpudecKas IIPOrpeccust
1, —2, —4i, 8, 164,....
HaiiTu 3HaMeHaTeNb ¢ 3TOM TPOTPECCHH U BBIPAYKEHUE IS Gy . @
HaiitTn BoIpakenune A1 n-if JaCTUIHON CYMMBI Sy, PAIa

o
Z 27",

L3

14
IMyctsb z = i, BeranciuTb 1+ 2 + 22 + .+ 210 [

V2

o0 p—
Haiitu cymmy psiga gn—: st |z| < 5.

n=0

o0
143 n—1
[Tokazarb, 4To psig » (€0 i CXOJINTCS aDCOTIOTHO. [l

n!
n=1

o0 .
UccnieioBarb cXoiuMoCThb psjia » (% + 10%)

n=1

o0 .
UccneioBarb CXouMoCThb psijia » (i — i) U HaifTU ero cymmy.

5n n
n=1
[rob]
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o0 .
71. UccaenoBarb CXOIUMOCTD Psiia » (ﬁ + 2%)

n=1
o0
72. UccnenoBarb CXOIUMOCTD PSIJIOB Y Gy
n=1
ni n n—+1
a) ap = ; 0) ap = 1
) an (14 i) ) an n+1+n+2
i 14+i\"
B) a/n = 77 F) a,n = 2 .
73. UccnenoBaTh CXOMUMOCTD Psijia 22021 % n s

74. VccmenoBaTh CXOOUMOCTE Psifia,

u Haiitu 3nadenus P(w/2), P(m) |

75. HaiiTu Bce 3HavMeHus JIeHCTBUTE/ILHOTO TAPAMETPA (v, IPU KOTOPHIX
CXOJIATCA CJEYIOINe PAJIbL:

9]
) E n—aezn; § : - 17T/n
n=1
oo

B) Z(n2 +1)7%(e™ — Zz (In
n=1

CM

L3

76. Haittu paguyc cXOAMMOCTH CTEIIEHHOT'O Psijia

(e o]

S@+ (1)

n=0
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7.

78.

79.

Haiitu pagmyc cxoauMoCTu CTEIIEHHOTO Psiia

o0

E Z" cosin.

n=0

11y

Haittu paguychl CXOIUMOCTH CTEIEHHBIX PsiIOB:

oo ’]’L' o o
n
e Z PR B) Y (3+ 2"
n=1 n=1 n=1

L3

UccenenoBarh CXOIUMOCTD CTEIIEHHBIX PsAJIOB (B TOM YHCJIE U HA
IpaHuIe KPyra CXOIAUMOCTH):

a) Zz"; 0) Z%
n=1 n=1
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TepMI/IHI)I K 1j1aBe 4

= R Bl o o
paamyc  CXONAMOCTH  CTe- | 4 = W i/ﬁ AGOLESIE S
1 _ 114z

IIEHHOI'O PAIa R~ 5

P S an R [ BEL

cTeneHHOl psiz

S| B

cyMMa psijia

S — § a, R
n=0

Sy =3 a, | BEGIESEA

n=0

JacTAYHas CYMMa psijia

YUCJIOBOI psif

S an BENAL
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5. OYHKIINI

5. DYyHKIUU KOMIIJIEKCHOTO TIEPEMEHHOTO

Ecim kaxiomy auciy z u3 Hekoroporo MHoxkecrsa E C C
[OCTABJIEHbI B COOTBETCTBUE OJIHO MM HECKOJIBKO KOMILTEKC-
HBIX YHCEJ W, TO TOBOPAT, 4TO Ha MHOXKecTBe F 3amana
dynxuyua f(z) = w KOMILUIEKCHOTO MEPEMEHHOTO.

Ec/i KaxKI0My 2z COOTBETCTBYET JIUIIIb OJIHO 3HAYEHUE W, TO (DYyHK-
I[UsT HA3BIBACTCS 00HO3HAYHOU, €CII HEKOTOPBIM 2 COOTBETCTBYET
GoJiee UeM OJIHO 3HAUYEHHE W — MHO203HauHoU. Tak, f(z) = €7,
f(z) = 2™ u arg z — onuosHaunble dbynkuuu. [Ipumepamu MHOrO3HAU-
HBIX DYHKIWHA MOTYT CayKuTh f(z) = /2 (n pa3auyHbIX 3HAYCHUIT)
u f(z) = Argz (6eCKOHEYHO MHOIO pas3J/MYHbIX 3HadeHuil). [Iycrs f,
g — JiBe MHOro3HauHble (bYHKINH, TOT/a

f(2) = 9(z) & {f(2)} ={9(2)}-

pyrumu cjioBamu, JiBe MHOMO3HAYHbIE (PYHKIMH PAGHbL B TOYKE Z,
€CJIN COBHNAJIAI0T MHOXKECTBA UX 3HAUYEHUI B JAHHOU TOYKeE.

JIrobast PyHKIMSA KOMILIEKCHOIO ITEPEMEHHOIO MOXKET OBLITH 3aIlfCa-
Ha B BUJE

f(z)=u(z)+iv(z) nwm f(x+iy) =ul(x,y)+iv(z,y),

e u(x,y), v(z,y) — neficreurenbrosuadHble Gynkun. OyHKIHA U
Ha3bIBAETCS JIEHCTBUTE/IbHON YacThio f 1 obo3nadaercs u = Re f, v —
MHUMas 9acThb [ u obosHadaercs v = Im f.

5.1. Ilpenesn m HempepbIBHOCTH

Yucno A € C nazbiBaercs npedeaom byukimu f B TOUKe
zp, ecan st jioboro € > 0 Haiiaércss Toakoe o > 0, 4uro
JUIST BCEX 9mcest z Takux, 910 0 < |z — zg| < 0 BBIIOTHSAETCS
HepaBeHcTBO |f(2) — A| < e.

CrangapTHoe 0603HAUYCHHE:

lim f(z) = A.

Z—20
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5. OYHKIINI

Hust cymecrBoBanus npenea dyakuun f(z) B Touke zg = xg + iyo
HEOOXOAMMO U JIOCTATOYHO OJHOBPEMEHHOE CyIIECTBOBAHUE IIPEIE/IOB
dbyukunit u(z,y) u v(x,y) B Touke (X0, Yo):

lim u(x,y) =a u lim v(x,y) =b,
(zy)—(wo,y0) (@9) (z,y)—=(wo,y0) (.9)
rome A = a + b.

Oynknus f(z) Ha3BIBAETCS HENPEPBIEHOU B TOUKE Z(, €CIIH

Jim f(2) = f(z0)-
Henpepsierocts dyukimu f(z) B ToUKe 29 = o + 1Yo, KaK QyHKIMN
KOMILJIEKCHOT'O TIEPEMEHHOTO 2, SKBUBAJIEHTHA OJJHOBPEMEHHOI Herpe-
peiBHOCTH byHKIWMi u(z,y) u v(z,y) B Touke (X0, Yo), Kak dOyHKIMI
JIBYX JIEHCTBUTE/ILHBIX TEPEMEHHDIX.
Bounee noxpobuo cum. [1].

5.2. IKCIIOHEHTAa U TPUTroHOMeTpu4deckmue PyHKIUU

MpbI y2Ke BCTpevaqnch ¢ KOMILIEKCHON 3KcronenToil B 1. [2.3.1] Ha-
[IOMHEM, 9TO IO OIPEIeJIeHUIO

ez = i'
n!
n=0
Hcnonnsyst cBoiicTBo €T = e? - e¥ u dopmyny Ditnepa, MOKHO
[IOJIy YUTH
ef = "W =" . W = e%(cosy + isiny),
T. €

e” = e®(cosy + isiny),
OTKy;La HaXoJIuM
e'LCE _|_ e*lw ell’ _ e*ZI

COST = g, sinm:T. (53)

YuursiBas 311 COOTHOIIEHM A, OIIPpEJEJIMM KOCMHYC 1 CUHYC KOMILJIEKC-
HOI'O IEPEMEHHOI'O:
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5. OYHKIINI

Bcee TPUTOHOMETPUYIECKHUE TOKJIECCTBa BEPHBI U B C/JIydae KOMIIJICKC-
HOr'o IIepeMenHoro:

2

1) cos?z+sin?z = 1;
2)  sin(z1 + 22) = sin z; cos zo + sin 23 €os 21;
3) cos(z1 + 23) = cos 21 COS 22 — sin 27 sin 2;
. . . 21t 22 Z1 — %2
4) sinz; + sinzg = 2sin cos :
2 2
21+ 22 21 — 22
5)  coszp + coszg = 208 cos
2 2
Kpome Toro, mosesHo moMHUTE, UTO
cos(—z) =cosz wm sin(—z) = —sinz.

OnpeﬂeneHm TaHT'€HC 1 KOTaHI'€HC KOMIIJIEKCHOT'O II€EPEMEHHOTI'O:

COSs z

sin z
tgz = ——, ctg=—.
Cos 2 sin z

[M'uniepbosimyeckne KOCUHYC U CUHYC OHPEIEIISIIOTCS CJIEJLYIOIIM

06pasoM:

e+ e * e —e %

h: h:
ch z , sh z 5

Brimonmmsarorea csoiicrsas

—_

ch?z —sh?z =1,

)
) sh(z1 + z2) = shz; ch zo + sh zg ch z1;
)
)

w N

ch(z1 + 2z2) = ch 21 ch 29 + sh 21 sh 29;
21+ 22 21— Z2

4) shz; +shzy =2sh 5 ch 7
5) chz 4+ chzy =2ch Zl—;ZZ ch ZI;ZQ
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Taxkzke

ch(—z) =chz wu sh(—z)=—shz.

OHpe,ZLe.HGHbI FI/IHep6O.HI/ILIeCKI/Ie TaHI'€HC 1 KOTaHI'€HC KOMIIJICKCHOI'O

[IEPEMEHHOT0:
sh z ch z
thz=——, cth=—.
ch z sh z
Tpuronomerpudeckue u runepbondeckre GYHKIUN CBI3AHBI CJTe-

JIYIOIIUMU COOTHOIIIEHUSIMU:
cosiz = chz, siniz = ishz. (54)

Baxk#biM Ki1accoM GYHKIUH KOMILIIEKCHOTO IIEPEMEHHOTO SIBJISTFOTCSI
repuoudeckune QyHKIUN.

DyHKIMsT KOMILIEKCHOTO 1IepeMeHHoro f(z) Ha3blBaeTcs ne-
puoduueckot, ecom Haiinéres Takoe duciao 1 € C, T # 0,
q9To

fz+T)=f(2) qutst Beex z € C.

Bce npuBenénnbie BbIle TPUTOHOMETPUIECKHE U TUIIEPOOIMIECKUE

byHKINN gBIsIOTC TTeprogndecKumu. Hampimep, e* T2 = e% . 2™ =
e*(cos2m + isin27) = €*, upyrumu cjoBamu, €° — MepUOnIecKast

dyukus ¢ nepuogom 1 = 2mi

CBoiicTBa MEPUOIUIHOCTH

f(2) r

sinz, cosz | 27w

tg z, ctg 2 T

shz, chz 2mi
thz, cth z i

z

e 21

Ilpumep 51. /s dynxyuu
f(z) =€
natimu 3nauenue f(i).
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Pewenue. Nmeenm €' = cos 1+ isinl. Jasee
¢ — geosldisinl _ coslisinl
B cBoto ouepesn €5 = cos(sin 1) 4 i sin(sin 1). Toraa oKoHIaTeHHO
f(i) = e (cos(sin 1) + i sin(sin 1)).
A

IIpumep 52. Q@ynxyuro f(z) = cosz sanucamov 6 eude f(z) =
u(x,y) + iv(z,y) u natmu | cos z|.

Pewenue. 1. [Tpumensis popmyiry kocunyca cymmbr u (H4)), nmeem
cos z = cos(x+iy) = cosx cosiy—sinzsiniy = cosx chy—sinz-ishy.

Takum obpazom,
cos z = u(z,y) + iv(z, y),

rae u(x,y) = cosxchy u v(z,y) = —sinzshy.
2. Berancsaum Mojyiib | cos z| = Vu? + v

| cos z| = \/COSQ:c-ch2y+sin2x-sh2y:

\/COSQIIZ-Cth—l-(l—C082$)‘Sh2y:

\/008238-Ch2y+sh2y—cos2ac-sh2y:

\/COSQx-(ch2y—sh2y)+sh2y: \/cos2m—|—sh2y

BameTnM, 4TO TaK¥Ke BepHO | cos z| = \/ch?y — sin’ x. A

[ToggepkuéM, ITO KOMILJIEKCHBIE CUHYC U KOCUHYC HE SIBJISTIOTCS
orpannvieHHbIME YHKIUAMEI. Bojiee Toro, Kaxpas u3 3mux QyHKIuM
MOXKET IPUHUMATD JIIOObIe 3HAYMEHUSI.
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IIpumep 53. Hatdmu makxue z, umo:
1)Recosz =0, 2)Imcos z = 0.
Pewenue. 13 mpumepa
Recosz=cosxchy wu Imcosz= —sinzshy.

1) @ynknus ch y # 0 aist Beex BerectBennbix y. [losromy Re cos z =
0 < cosz = 0. Takum obpasom, Recos z = 0 i z = § + wk + 1y, rae
ke€ZuyeR — moboe.

2) Imcosz = 0 < sinz = 0 wam shy = 0. Snauut, Imcosz = 0
upu z =k + iy, tne k € Zuy € R — ymoboe u ipu z = x, x € R —
soboe (y = 0). A

IIpumep 54. Bowuciumo cymmy

n
Zcosk:a:: 14 cosz + -+ cosnz,

k=0
2de x € R.
eikx 4 e—ikm

Pewenue. U3 coornomennii (53]) nmeem cos kx = —
Torna

k=n ei:v + e—ix einx + e—inz

Zcoskle%—i—i-”-—i-i:

— 2 2

1 . . 1 . .
5(1+62Z‘+_..+€ZTLI)+5(1_’_6—11'_’__.._’_6—171.1‘)'

Ucnonbzyst popMyTy YaCTUIHON CYMMBI MeOMETPUYECKON TIPOTPECCUHE
(45), mveen
1— ei(n-l—l)x

1—eix 7
1— efi(n+1)a:

1]—e @

(l—i-eix—i-"-—i-@inx):

(1_|_e—z':v+”‘_|_e—inx):
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5. OYHKIINI

CHoBa ucrnoJib3ysi coorHorenusi (H3)), mosrydaem:

n 1(1— ei(n-{—l)m 1— e—i(n+1):v
;Ocoskw:2< 1—e® + 1—e )
1 [ einT _ g—ix _ ei(n—‘rl)x 14+ e~InT _ piw _ e—i(n—i—l)x +1
2 < (1—e). (1 —e i) >
cosnz —cosx — cos((n+ 1)x) +1
2(1 — cosx) '

5.3. KowmniekcHsblii Jjorapudm

Hamomuum, aTo

Oynknua f~!(w) nassBaerca obpammoti x f(z), ecim

f_l(f(z)):Z u f(f_l(w)):w quis Beex z,w € C.

KomnaexcHuviti noeapugm Lin z ssisiercs obpaTHOil HyHK-
el K KOMILIEKCHOU 9KCIIOHEHTE €7 U OIpeesisieTCs paBeH-
CTBOM

ez = 4.

ITycre Ln z = u(z) + iv(2), tne u(z) u v(z) — geficrBuTeIbHO3HATHbIE
dyukiuu. Torma B cOOTBETCTBUM C ONIPEIEICHUEM UMEEeM

5 = eu(z)er(z) _ eu(z)ew(z).
Orciona nomy4aem |z| = €“?) u Argz = v(2) mwm u(z) = In|z| u
v(v) =argz+ 27k, tne k € Z u |z| # 0 (3zech In |z| — sro jmorapudm
0T HOJIOXKUTEJbHOro uncia). CrenoBaresbHO, Mbl MOXKEM 3alluCaTh
dbopmysy Jyist KOMILTEKCHOTO JTorapudma:

Lnz =1In|z| +iargz + 2nki, rtne k € Z. (55)

Taxum 06pa3oM, KOMILIEKCHBIH JIOTAapUMM sIBJISETCST MHOTO3HATHON
byHKIHIiL.
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5. OYHKIINI

L'nasHbim 3HAMEHUEM KOMNAEKCHO20 A02apudma Ha-
3pIBaeTCca QyHKITN

Inz =In|z| +iargz.

3aMeTuM, UTO IVIABHOE 3HAYMEHUE KOMILJIEKCHOTO JIorapudmMa JJjist OJI0-
JKUTEJIbHBIX BENECTBEHHBIX YHCEJ COBIAJAET C «OOBIYHBIM» JIorapud-
MOM, & JIjIsi OTPUTIATE/IBHBIX HY>KHO BBIYUC/IUTD «OOBIYHBIY JorapudM
Mozysist u upubasuth im. Hampuwmep, In(—5) = Inb + .

IIpumep 55. Buuucaums Lnl, In(—1) u Lni.
Pewenue. B coorsercreun ¢ dopmysioi (55) nmeem
Inl=Inl+vtargl + 2wkt = 2nwki, k€ Z,

Ln(—1) =Inl+4iarg(—1) + 27ki = mi + 27ki = mi(2k + 1), k € Z.

u

Lni = In|i| + i arg(i) + 2rki = 0“% + 2mki =

1
mi(; +2k), k€Z.

A

OrmeTnM, 9TO U B KOMILJIEKCHOM CJIyuae JiorapudM HYyJIsT HE OIpe-
JICJICH.

5.4. IlokazarejibHas U crereHHast (PyHKIMNA
Omnpe/iesinM MOKa3aTeIbHy 0 (DYHKIHIO.
[lyctb a € Z n a # 0, Torma

a? = eana _ 6z(ln\a|+zarga+27rkz)’ re k € Z.
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5. OYHKIINI

Dynknust f(z) = o aBiasercsa MHOro3Ha4dHOM dyHKImeii. OgHako

2A06H0E 3HAMEHUE NOKA3AMEeAbHOT GyrKyuy oF = a™? aBs-

ercs OJTHO3HAYHON (DYyHKIIHEN.

B n. MBI OIPEJIEIIIN OIEPAIIIO BO3BEIEHUST KOMILJIEKCHO-
ro 4YHcJa B LEJIyIO cTelleHb. Bo3BeleHNe B KOMILIEKCHYIO CTEIIeHb
OIIPEJIENISIIOT CIIEAYIONIIM 00Pa30M:

[ycrs 2z, € C u z # 0, Torma
2¥ = eaan _ ea(ln|z|+iargz+27rki), re k € Z.

Takum obpasom, B obmmeM ciaydae dyukmusa f(z) = 2% aBisiercs

MHOI'O3HAYHOM. O,H,HaKO BBIIIOJIHAIOTCA CJICAYIOIIue cBoiicTBAa:

f(2) = 2%— onnosnaunasi pyHkiys < o € Z

f(2) = 2%— roneunosnaunas pynknus < «a € Q.

Tak, kopenb n-ii crenenu f(z) = Z1/F npunmMaeT poBHO N pABIMUHBIX
3nadenuii. Kpome Toro, Mbl MOXKeM 3aIUCATh CIEAYIONIYIO (DOPMYITY

o

N3BJIEYCHNA KOPHA 7T-U CTEIICHUN:

{L/g _ Z% _ e%an _ ecx(ln|z\+iargz+27rki) re k € Z.

)
IIpumep 56. Buiuucaumsv sce 3HAUEHUA 12,
Pewenue. Nmeem

1V2 = V2Inl _ o 2V2rki _ 009\ /onk + i sin 2v/2rk.

Yuciao V2 € Q, u mosromy 1v2 IpUHUMAET OECKOHEYHO MHOT'O Pa3-
JINYHBIX 3HAYCHUIA. A

IIpumep 57. Boruciums it.
Pewenue. Us npumepa |55 Lni = i - (1 + 2k), k € Z, nosronmy
it = eilni _ o—7(2%k+3) L7
) .
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5. OYHKIINI

[TockonbKy k npuHuMaeT Iesble 3HauYeHus! (B TOM YUCJIe U OTPHIA-
TeJIbHBIE), TO TAKXKE BEPHO, YTO

it = e”(%*%), kel

Bamernm, 910 i¢ - i # 1, a KOppeKTHas 3amuch i' - i ° = e2™F rae

ke Z.

5.5. (OOparHble TpuroHoMmerpudeckue yHKIUN

O6parnbie TpuronoMeTprieckue GyHKnu Arcsin z u Arccos z
OILIPEAEJIAIOTCA U3 YCJIOBUMN

sin(Arcsinz) =z u  cos(Arccosz) = z.

Brisesem dopmyity qist Arcsin z. O6osnaunm w = Arcsin z, Toraa
eiw _ e—iw U —

sinw = ——=2z Wi sihw= -

2% 24

= Z’
rie v = ™. Orciofa IPUXOIUM K yPaBHEHHIO
u? 4+ —2izu—1= 0,
pelast KOTOpoe, HaXO UM
u=1z+ V222 +1=4z+Vi222 -2 =iz +iV22 - 1.

31eck UMeeTcst B BUJLY KOMILJIEKCHBIN KBaJIPATHBIN KOPEeHb, KOTOPBII
NpUHUMAeET JiBa 3Hadenus. [lomyuaem e = i(z + /22 — 1), wm

iw=Lni(z+ V22 —1).

Orciona monydaeMm (opMmyiry

Arcsinz = —iLni(z + V22 — 1). (56)

AHaJIOrMYHBIM CIIOCOOOM MOZKHO IOJIYYUTH (DOPMYJIY
Arccosz = —iLn(z + V22 — 1).
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5. OYHKIINI

1

IIpumep 58. Hatimu ece snauernus Arcsin 5.

Pewenue. Ilo dbopmyie HMeeM

! o1 3 i V3
Arcsm§ = —anz(§ + —1) = —an(§ + 7) =
i V3 RVE] T4 2%km
—i(n | + X2 fiarg(c + L2) 4 2%mi) =4 O ’
z(n|2 2\+zarg(2 2)+ i) {E’(;T—i-?/m.

Ilpumep 59. Hatimu ece maxue z € C, wmo sin z + cos z = 2.

Pewenue. YMHOXKasI 00e 4aCTH paBEHCTBa HA ? U IpuMeHsist (pop-

MyJLy JJIsl CHHYCA CyMMBbI, IEPEXOUM K SKBHBAEHTHOMY PABEHCTBY
, ™
sin(z + Z) =2,

OTKYJa ITOJIyIaeM
z = —% + Arcsin v/2.

Hautee
Arcsin V2 = —iLni(vV2++v2 — 1) = iLni(vV2+1) = —i Ln(iv2£1i).
Boeraucsmm sorapudm:
Ln(iv2 +i) = In|iv2 +i| + i arg(iv2 + 1) + 2kmi =
In(vV2 4+ 1) + zg + 2k

B urore -
2= —iln(vV2 £ 1) + 2k, tae k € Z.

IIpumep 60. Ilpu xaxuzr a € C paspewumo ypasrerue
thz+ cthz =a?
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5. OYHKIINI

Pewenrnue. Nmeem

shz c¢hz sh?z+ch?z
th th 2 = = —
#tcthe chz+shz chzshz

[Mpumensisi popmynbl st Tuniepbosmueckux GpyHKnuit (cMm. c. ,

IIOJIY UM

ch2z «a e2% 4 o2 a
=— wm ———F = —.
sh2z 2 e2r —e=22 2

4z

O6o3HaunM u = e , TOrJa ypaBHEHHE MOXKHO II€epelucaTb B BUIEC
a

a+2
a_

4z _

OTKYyIa HAXOJIUM € U= . Takum obpa3zom,
1 a—+2
z=-Ln

47 a -2

Kowmrtekcubiit torapudm ompeiesieH BCioay, Kpome nyis. CiemnoBa-
TeJIbHO, yPABHEHNE PA3PEINMO JIJIsi BCEX @, TAKUX, 9TO a # +2.

3agauu K rijiaBe 5

80. ITokazarb, uro dyukius f(z) = |z| HenpepbIBHA IIpU JTIOO0M Z.

[

81. g dyuknum

naittu 3nadenue f(1+ im/2).

82. ®yuknuio f(z) = sin z 3anucars B Bugie f(r+iy) = u(x,y)+iv(x,y)
u Hajith |sinz|. |

83. Haittu Takwme z, aTo

1)Resinz = 0, 2)Imsinz = 0.

[
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5. OYHKIINI

84.

85.

86.

87.

Oyuknuio tg z 3anucarb B Buje tg(x + iy) = u(z,y) + iv(z,y) u

Hajitn |tgz|. [

ITokazaTh, 4TO COSZ = COS Z U Sin z = sin Z.

Beruucsmts In 1 u In(—1).

Borauncaunrs 177

I 2
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5. OYHKIINI

TepmuHnsbl K riiase 5

APKKGCHHYC (APK-KOCHHYC) arccos z RO
apKciHyc (apK-CHHYC) arcsin z S IES:
o I
apeacuHyc rurnepooInIecKuit arsh z R IX 1B 52
apPKKOTAHI'CHC arcctg z &)
APKTAHIeHC arctg z f IEY)
rUIEPOOTNIECKIH KOCHHYC chz E 22
I'UIepOoIIIecKuil CHHYC sh z ACH 2 1E 5%
3Havyénre OYHKINN w= f(2) PRIAE
KOMIIJIEKCHAS (PYHKIAA f:C—=C SR
KOMIIJIGKCHA 9KCIIOHEHTA e? B 2R
KOCHUHYC COS 2 RIL
KOT4HI'€HC ctg z &Y
Joraprdm Lnz PR
HenpepsiBHasA (PYHKIINAS f(z0) = zli—>nzlo £(2) LR
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5. OYHKIINI

I a— - BRI 4
nepuo/ideckas OYHKIHA fz+T)=f(2) JEIHRRAR
HoKa3aTesbHas (PYHKIIA a? FRAUREL
npenén pyHKnun zlig‘ f(z) PRIAN AR PR

0 A7 A L
npenén GYHKINT B TOUKE Zli_glo f ( z) 51
CHHYC sin z 1E5X
créreHHas QYyHKINS 2@ RN
TAHIEHC tg 2 1EY]
TPHUTOHOMeTPIYIecKas sin, cos. tg, . . =1 R

dyHKIUS
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CiaoBapb
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&7re6pa A, TR
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HOZ=EG HRZRG s

apryMEéHT
7=/
BGECKOHEYHOCTD 00 TobR; 7255 (1)
O66BIIIE > AT
A
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A £ IJ_:f

R B (i F
BeIECTBEHHAS MEPEMEHHAS KA = ()
BEMIECTBEHHOE qucyd o SEL
(neiicrBATEIbHOE YUCIO)

[SH SZES
BeIECTBEHHO-3HAUHAs (DYHKINS BN RS
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T
BOIIPOC ? [
BBIJIEJINTh-BbIJICAATH IOJIHbIH (a n b)2 e ﬁ%ﬁ(%éiﬁﬁ)
KBaJIpPAT
BBIpaKEHHE ESTEA

TR, Bl

BbIYUCJINTH-BbIYUCIATH
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JUfTE; JLfRIEAR

reoMéTpus
TUTIOTEHY 34, Al BEfA = AR
B2, Fon%s [BUER, B, i
rpadux ;R
rpadur GyHKINN ERAES
FQER, 28, 15, 5064 179,
péticraie EhIE, hiE
JIJId BCEX v jﬁﬁﬁ :J:Fﬁ‘ﬁ}\
JTIOKa34TeJbCTBO ifl:Eﬁ, i@ifl:, kR

T, TS R

JIOKa34Th-10KA3bIBATH

RIETEL (S - )

JOMAITHee 3aJIaHNIe

JOMAITHSIS 3ad419a e %ﬂ(ﬁ%ﬂ)

JpoOD % [BH] 7NEL, 935K

eTMHNIIA 1 —A~ B0 BT

Ectb sin Bonpéent? RAEEEH RE?

3a/1449a odll, BRI 455, fHan

3aMevaHne U PHE, B

3aMéHa ITepeMEHHOM ﬁ@l%?ﬁ%, 25T

3a46T mss, %25

3BE3IIA £, HE; BXY
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3BE3MOYKA | B IR
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3HAK 5,185, PRIE, PR
Ve = =
3HAK MUHYCa _ | WS, s
il =]
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= =
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=]
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HalpaBJ/éHue 00x0a 110 O [lil:nEaEa]
qacoBOi cTpEIIKe
HaIpaB/ICHHe 00x61a, S AR )]
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HAYAJIO g
Ha44JI0 KOOPJIUHAT (0,0) AR
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AR, A% BT
HEPABEHCTBO TR
HECTPOroe HEPABEHCTBO <= AFHREATER
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H
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OTBETHBI

OTBeTnl

1 1
a) —2i; 6) —2 + 2i; B) —i. 5t z§ 40 — 32i. a) —i;
6) —1;8) 1; 1) —i.  [6]a) 24;6) =2 — 24; B) —4; 1) —4 + 4i. 6./ 10 +
T

38.21. a) 1—44;6) —7+ 144; B) 33 + 474; r) o ﬁi; ) —16 — 304.
Bl2—-2v3i. [o]1. [to]-4i. [11]-8. [2]-v3+iuv3—i
z:t+i%t, rnet € R. Rez2:x2—y2,1mz2:2xy. CM.
upumep 5]  [16]1+4 [17.)1+14 [18]:. [19.0 Re,z:O,

T. €. BCe YNCTO MHUMbIE IUCIIA. |z| = 50/2929. Ka3aHue:
li — 1] = V2. Vkazanue: 110 HEPABEHCTBY TPEYIOJIbHUKA |2 + a| <
+ |a| = 1+ |a|, mamee HaiiTH z IpH KOTOPBIX paBeHCTBo ;LOCTHraeTCH.

Jme=3/2. [ps]-1.  [el:=(x1xi/ve Rrli=+i 48
.|6. |z| = V2, argz = %’T. z = /3+i. CM. pI/ICyHKI/I

Imw Imw

20

Rew Rew

K saate 31] Ea) K 3aate 31] Eﬁ)
SJIJH/IHC ¢ bokycamu B TOUKAX —i U i, KAHOHIIECKO® YDABHEHNE gy + o=
[33] Cm. pucynkn Hmske
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Im z Im z
21
Z1
Rez
29 o/ .
Rez / S
¥
-z
K 3aj1a1e a) K 3a/1a4e 6)

z = 2(cos G+isin §). 35.|4(cos 2w /3+isin 27 /3). \/5((30577/12—}—
isinm/12).  [37]-itgg.  [38]3+i3v3  [39]-512 ~1. Vka-
3aHme: CM. IpUMep 41.[a) u = 2'3; 6) v = 23V/3. sinbp =
5 cos? @ sin g — 10 cos? psin® ¢ + sin® o, cos 5p = cos® p — 10 cos® psin? ¢ +

5 cos sin4 43, (22) sm go (cosny + isinny), yKazaHue: CM. IPH-
Mep 2cos §)" - (cos % + isin %), (1—|—i)"+(1—i)” =
2(\/5)”005 . 21 = \fe 1%37?, 29 = /2t . a) cos ae i,

6) 2¢'5; B) I/Icnonb3y5{ pe3yIbTAT 3a/Ia9n nosyanm 2v/2¢%5 ;1) (V6 —
V2)et5 ;1) 2cos 2ei%; e) 2sin 27T ; k) S@“—gei(a_ﬁ). 48.| Ykazanue:

sin

MPEJCTBUTD YUCJA Z1,%Z2 B IOKa3aTeJIbHOI dopme. 49.| a) (%,O, %),

6) (0 % 2) B) (f V2 1). 21729 = —1. 51.| CemeiicTso

52 | on = Selll

Opr)KHOCTeI/I KaCaIloInuXcd ,prr JApyra B IIOJIIOCE.

©3. 21 = 1+ 14, 22—22 *72+21 24 = s = —4 — 44.

5 lim 20 = 3+ 0 05 0 )0

lim 2z, = ¢, cM. PUCYHOK, IPUBEIECHHBII HIXKE. . lim z, =0.
n—oo n—oo
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CIINCOK JINTEPATYPBI

Z5
24
z3

Rez
z2

.G
,HGCHTI) IIEPBBIX 3JIEMEHTOB IIOCJ/IEOBATEC/JIBHOCTU Zp — ie'n

Pacxonnres. VkazaHne: TPOBEPUTH HEOOXOIUMBIN IIPU-

1—(1/2i)™ . .
3HAK CXOAUMOCTH. sn = %, s = —% — %Z. -1 4.

. . . _ 1— 2)"
q:22, an =14 (20)" L s =z- éz/z) eciu z # 2, s, = n,
ecan z = 2. - 1 —|— 1 +/2)i, M. Taxxke mpuMep - 67.[1/(522
23). |an| = “=45—, mamee Bocnosb30BaThCs npusHakoM Jlamambepa.
[69.] Pacxo,aI/ITCH yKaSaHI/Ie HOKASATE PACXOMMOCTS JefiCTBUTEIBHBIX Ya-
creii. 0.| Cxomurcst abCOIOTHO, CyMMa pﬁJ_La Z — 1. - CXO,ZLI/ITCH

a6COJ'IIOTHO a) CXOJUTCS a6c0JHOTHo 6) pacxo;LHTCﬂ B) CXOIMTCS
YCJIOBHO, T) CXO,Z[I/ITCH abCOJIIOTHO. CXO;LHTCH YCJIOBHO (no HpI/ISHaKy

Hupuxue). P(r/2) = n/4 + ln( )/2, P(w 1n2 - a HpI/I
a>0,6) r1p1/104>1 B) ipu @ > 0, 1) r1p1/1mo60Ma 1 1/e
yKazaHue: UCI0JIb30BaTh CBOMCTBO cos iz = ch z, cM. nyH ;
6) oo;B) 1/4. a) CxXomuTCsi abCOJIIOTHO 1IpH |z| < 1 u pacxo;mTcs{
upu |z| > 1; 6) cxomurea abcooTHO npH |z| < 1, cxomuTesd yCa0BHO 1pu

|z2| =1 wu z # 1; pacxonurcs upu |z| > 1 n npu z = 1. yKBBaHI/IeI
81,

BOCIIOJIB30BAThCsI HEPABEHCTBOM ||z| — |20]| < |2 — 0. 81. cose +isine.

sin(x—l—z’y) = sinz chy—+ishycosz, |sinz| = v/sin? z + sh® y. 1)

Resinz = O upu z = 7k + iy, tue k € Zuy € R. 2) Imsinz = 0

npu z = r, e x € Ruunpu 2 = 5 + 7k +iy, e k € Z, y € R.
. _ sin2x4ish?2 o sln2 2x+sh? 2y
tg(z + 1Y) = “sran, s |82 = Yooamaransy . yKa:aaHHe
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sanmcarh Gynknuu B Buge f(z) = u + v, orkyma f(z) = u — v, 3aTeMm
BOCIIOJIL30BATbCS CBOMCTBAMU YOTHOCTH TPUTOHOMETPUYECKUX (DYHKITHIA.

86]In1 =0, In(~1) = ir. e k€ 7.
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